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Hyperbolic Pascal triangles and pyramid

Németh, László

University of West Hungary, Institute of Mathematics
Ady E. út 5., Sopron, Hungary

nemeth.laszlo@emk.nyme.hu

Abstract

We introduce a new generalization of Pascal’s triangle and pyramid based on the hyperbolic regular mosaics
in plane and space. Then we study certain quantitative properties.

Key words: Pascal triangle, Pascal pyramid, regular mosaics on hyperbolic plane, cube mosaic in hyperbolic space

2010 Mathematics Subject Classification: 11B99, 05A10.

1. Hyperbolic Pascal triangles
There are several approaches to generalize the Pascal’s arithmetic triangle (see, for instance [3, 4]). A new type of variations
of it is based on the hyperbolic regular mosaics denoted by Schläfli’s symbol {p, q}, where (p − 2)(q − 2) > 4 ([5]). Each
regular mosaic induces a so called hyperbolic Pascal triangle (see [2]), following and generalizing the connection between the
classical Pascal’s triangle and the Euclidean regular square mosaic {4, 4}. For more details see [2], but here we also collect
some necessary information.

The hyperbolic Pascal triangles based on the mosaic {p, q} can be figured as a digraph, where the vertices and the edges
are the vertices and the edges of a well defined part of the lattice {p, q}, respectively, and the vertices possess a value that
give the number of the different shortest paths from the base vertex. Figure 1 illustrates the hyperbolic Pascal triangle when
{p, q} = {4, 5}. Here the base vertex has two edges, the leftmost and the rightmost vertices have three, the others have five
edges. The quadrilateral shape cells surrounded by the appropriate edges correspond to the squares in the mosaic. Apart
from the winger elements, certain vertices (called “Type A”) have 2 ascendants and 3 descendants, while the others (“Type
B”) have 1 ascendant and 4 descendants. In the figures we denote the vertices type A by red circles and the vertices type
B by cyan diamonds, further the wingers by white diamonds. The vertices which are n-edge-long far from the base vertex
are in row n. The general method of preparing the graph is the following: we go along the vertices of the jth row, according
to the type of the elements (winger, A, B), we draw the appropriate number of edges downwards (2, 3, 4, respectively).
Neighbour edges of two neighbour vertices of the jth row meet in the (j + 1)th row, constructing a new vertex type A. The
other descendants of row j have type B in row j + 1. In the sequel, ) nk ( denotes the kth element in row n, which is either the
sum of the values of its two ascendants or the value of its unique ascendant. We note, that the hyperbolic Pascal triangles has
the property of vertical symmetry.

In studying the quantitative properties of the hyperbolic Pascal triangle {4, q}, first we determine the number of the
elements of the nth row of the graph. Denote by an and bn the number of vertices of type A and B, respectively, further let
sn = an + bn + 2, which gives the total number of the vertices of row n ≥ 1. Recall, that q ≥ 5.

Theorem 1. The three sequences {an}, {bn} and {sn} can be described by the same ternary homogeneous recurrence
relation

xn = (q − 1)xn−1 − (q − 1)xn−2 + xn−3 (n ≥ 4),
1
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Figure 1: Hyperbolic Pascal triangle linked to {4, 5} up to row 5

the initial values are

a1 = 0, a2 = 1, a3 = 2, b1 = 0, b2 = 0, b3 = q − 4, s1 = 2, s2 = 3, s3 = q.

Let ân, b̂n and ŝn denote the sum of type A, type B and all elements of the nth row, respectively. We will justify the
following statements.

Theorem 2. The three sequences {ân}, {b̂n} and {ŝn} can be described by the same ternary homogenous recurrence relation

xn = qxn−1 − (q + 1)xn−2 + 2xn−3 (n ≥ 4),

the initial values are

â1 = 0, â2 = 2, â3 = 6, b̂1 = 0, b̂2 = 0, b̂3 = 2(q − 4), ŝ1 = 2, ŝ2 = 4, ŝ3 = 2q.

Let s̃n be the alternating sum of elements of the hyperbolic Pascal triangles (starting with positive coefficient) in row n,
and we distinguish the even and odd cases.

Theorem 3. Let q be even. Then

s̃n =
sn−1∑

i=0

(−1)i )n
i

( =
{

0, if n = 2t+ 1, n ≥ 1,
−2(5− q)t−1 + 2, if n = 2t, n ≥ 2,

hold, further s̃0 = 1.

Theorem 4. Let q ≥ 5 be odd. Then s̃0 = 1, further

s̃n =
sn−1∑

i=0

(−1)i )n
i

( =




0, if n = 3t+ 1, n ≥ 1,
(−2)t(q − 5)t−1 + 2, if n = 3t− 1, n ≥ n1,

2(−2)t(q − 5)t−1 + 2, if n = 3t, n ≥ n2,

where (n1, n2) = (2, 3) and (5, 6) if n > 5 and n = 5, respectively. In the latter case s̃2 = 0, s̃3 = −2.

2
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Along paths of the hyperbolic Pascal triangle {4, 5} we can find some well-known sequences for example the Fibonacci
and the Pell sequence (see Figure 2). Generally, we can prove Theorem 5.

Theorem 5. Let η, and f0 < f1 denote positive integers with gcd(f0, f1) = 1. Further let {fn} denote a binary recurrence
sequence given by

fn = ηfn−1 ± fn−2, (n ≥ 2).

The values f0 and f1 appear next to each other in a suitable row of the Pascal triangle, such that the type of f1 is A. Then
all elements of the sequence are descendants of the vertex labelled by f1, all have type A.

Figure 2: Fibonacci and Pell sequences in the hyperbolic Pascal triangle {4, 5}

2. Hyperbolic Pascal pyramid
The 3-dimensional analogue of the original Pascal’s triangle is the well-known Pascal’s pyramid (or more precisely Pascal’s
tetrahedron) (left part in Figure 3). Its layers are triangles and the numbers along the three edges of the nth layer are the
numbers of the nth line of Pascal’s triangle. Each number inside in any layers is the sum of the three adjacent numbers in the
layer above.

We can defined a hyperbolic Pascal pyramid (right part in Figure 3) in the hyperbolic space based on the hyperbolic reg-
ular cube mosaic (cubic honeycomb) with Schläfli’s symbol {4, 3, 5} generalised to hyperbolic Pascal triangles and classical
Pascal’s pyramid which is based on the Euclidean regular cube mosaic {4, 3, 4}.

We denote the sums of the vertices A, B, C, D and E in level i by ai, bi, ci, di and ei, respectively.

Theorem 6. The growing of the numbers of the different types of the vertices are described by the system of linear inhomo-

3
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geneous recurrence sequences (n ≥ 1)

an+1 = an + bn + 3,
bn+1 = an + 2bn,

cn+1 =
1
3
an + cn +

2
3
dn,

dn+1 =
1
2
bn +

3
2
cn + 2dn +

5
2
en,

en+1 = 3cn + 4dn + 6en,

with zero initial values.
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Figure 3: Euclidean and hyperbolic Pascal pyramid
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Statistics of Functional Autoregressive Processes

Tahar Mourid

Laboratoire de Statistiques et Modélisations Aléatoires
University of Abou Bekr Belkaid. Tlemcen 13000. Algeria

Abstract

We give an over review on some statistical problems related to the class of Functional Autoregressive Pro-
cesses. We especially emphasis on some aspects of statistical estimation of parameter operator based on sample
of AR functional process and discuss the prediction problem in this setting. An extension to Functional AR Pro-
cesses with random coefficients is also considered. We finish by the notion of closed sub space of Fortet giving
a new insight in the prediction problem in functional statistic framework and its application in AR functional
prediction.

Key words: Functional autoregressive process- Limit theorems- Parameter operator estimation- Prediction- Covariance
operator- Exponential Bounds- Rate of convergence Closed sub space of Fortet.

2010 Mathematics Subject Classification:
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Ordered and non-ordered non-congruent convex quadrilaterals
inscribed in a regular n-gon

Nesrine BENYAHIA-TANI1∗, Sadek BOUROUBI2, Zahra YAHI3
1 Algiers 3 University, L’IFORCE Laboratory

2 Ahmed Waked Street, Dely Brahim, Algiers, Algeria.
benyahiatani@yahoo.fr

2 USTHB, Faculty of Mathematics, L’IFORCE Laboratory
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bouroubis@yahoo.fr
3 Bejaia Abderahmane Mira University, L’IFORCE Laboratory

Targa Ouzemour Road, 06000, Bejaia, Algeria
zahrayahi@yahoo.fr

Abstract
Using several arguments, some authors showed that the number of noncongruent triangles inscribed in a

regular n-gon equals {n2/12}, where x is the nearest integer to x. In this paper, we revisit the same problem,
but study the number of ordered and non-ordered non-congruent convex quadrilaterals, for which we give
simple closed formulas using Partition Theory. The paper is complemented by a study of two further kinds of
quadrilaterals called proper and improper non-congruent convex quadrilaterals, which allows to give a formula
that connects the number of triangles and ordered quadrilaterals. This formula can be considered as a new
combinatorial interpretation of a certain identity in Partition Theory.

Key words: Congruent triangles; Congruent quadrilaterals; Ordered quadrilaterals; proper quadrilaterals; Integer partitions.

2010 Mathematics Subject Classification: 05A17.

1. Introduction
In the 1938’s, Norman Anning from university of Michigan proposed the following problem [6]:”From the vertices of a
regular n-gon three are chosen to be the vertices of a triangle. How many essentially different possible triangles are there?”.
For any given positive integer n ≥ 3, let ∆ (n) denotes the number of such triangles.

Using a geometric argument, Frame showed that ∆ (n) = {n2/12}, where {x} is the nearest integer to x. After that,
other solutions were proposed by some authors, such as Auluck [2].
In 1978, Reis posed the following natural general problem: From the vertices of a regular n-gon k are chosen to be the
vertices of a k − gon. How many incongruent convex k-gons are there ?
Let us first specify that two k-gons are called congruent if one k-gon can be moved to the other by rotation or reflection.
The aim of this paper is to enumerate two kinds of non-congruent convex quadrilaterals, inscribed in a regular n-gon, the
ordered ones which have the sequence of their sidess sizes ordered, denoted by RO(n, 4) and those which are non-ordered
denoted by RO(n, 4), using the Partition Theory.

∗Speaker
6
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2. Notations and preliminaries
We denote by Gn a regular n-gon and by N the set of nonnegative integers. The partition of n ∈ N into k parts is a tuple
π = (π1, . . . , πk) ∈ Nk, k ∈ N, such that

n = π1 + · · ·+ πk, 1 ≤ π1 ≤ · · · ≤ πk,

where the nonnegative integers πi are called parts. We denote the number of partitions of n into k parts by p(n, k), the
number of partitions of n into parts less than or equal to k by P (n, k) and by q(n, k) we denote the number of partitions of n
into k distinct parts. We sometimes write a partition of n into k parts π = (πf1

1 , . . . , π
fs
s ), where

∑s
i=1 fi = k, the value of

fi is termed as frequency of the part πi. Let m ∈ N,m ≤ k, we denote cm(n, k) the number of partitions of n into k parts
π = (πf1

1 , . . . , π
fs
s ) for which 1 ≤ fi ≤ m and fj = m for at least one j ∈ {1, . . . , s}. For example c2(12, 4) = 10, the such

partitions are 1128, 1137, 1146, 1155, 1227, 1335, 1344, 2235, 2244, 2334. Let δ(n) ≡ n (mod 2), so δ(n) = 1 or 0,
bxc the integer part of x and finally {x} the nearest integer to x.

3. Main results
In this section, we give the explicit formulas of RO(n, 4) and RO(n, 4).

Theorem 1. For n ≥ 1,

RO(n, 4) =
{
n3

144
+
n2

48
− δ(n) · n

32

}
,

where δ(n) equals 0 if n is even and 2 otherwise.

To give an explicit formula for RO(n, 4), we need the following lemma.

Lemma 2. For n ≥ 4,

c2(n, 4) = p(n, 4)− q(n, 4)−
⌊
n− 1

3

⌋
.

Now we can derive the following theorem.

Theorem 3. For n ≥ 4,

RO (n, 4) =
{
n3

144
+
n2

48
− δ(n) · n

16

}
+
{

(n− 6)3

144
+

(n− 6)n2

48
− (n− 6)δ(n)

16

}
−
⌊
n− 1

3

⌋
.

4. Connecting formula between ∆ (n) and RO(n, 4)

There are two further kinds of quadrilaterals inscribed in Gn, the proper ones, those which do not use the sides of Gn and the
improper ones, those using them.
Let denote by RP

O(n, 4) and RP
O(n, 4) respectively, the number of these two kinds of quadrilaterals. The goal of this section

is to prove the following theorem.

Theorem 4. For n ≥ 4,
∆ (n) = RO(n+ 1, 4)−RO(n− 3, 4)·

Remark 1. The well-known recurrence relation [4, p. 373],

p(n, k) = p(n+ 1, k + 1)− p(n− k, k + 1), (1)

implies by setting k = 3,
p(n, 3) = p(n+ 1, 4)− p(n− 3, 4)· (2)

Thus, as we can see, the formula of Theorem 4 can be considered as a combinatorial interpretation of identity (2).

7
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For k ≤ n, we have the following generalization, using the same arguments to prove Theorem 4.

Theorem 5. For n ≥ k,
RO(n, k) = RO(n+ 1, k + 1)−RO(n− k, k + 1)·

The formula of Theorem 5 can be considered as a combinatorial interpretation of the recurrence formula (1).
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The 2-successive Eulerian numbers and unimodality
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Abstract

Using a combinatorial approach, we introduce the 2-successive Eulerian numbers, we give the recurrence
relation. We establish the unimodality of sequences lying over diagonal rays of Eulerian triangle. Some combi-
natorial identities are given.
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1. Introduction
The Eulerian numbers, denoted by, A(n, k), count the number of n-permutations with k − 1 descents. They satisfy the
following recurrence relation:

A(n, k) = (k + 1)A(n− 1, k + 1) + (n− k)A(n− 1, k).

For other properties we can see for instance and reference therein [5].
It is important in combinatorics to know if the sequences lying over an arithmetical triangle are unimodal or not, specially in
computer science, the mode constitute the maximal value to consider in programming.
A finite sequence (an)

n
k=0 is unimodal if it increases to a maximum and then decreases. That is, there exists k such that

a1 ≤ a2 ≤ · · · ≤ ak ≥ ak+1 ≥ · · · ≥ an.

The sequence (an)
n
k=0 is log-concave (LC for short) if for k = 2, . . . , n− 1,

a2
k ≥ ak+1ak−1, (1)

it is strictly log-concave (SLC for short) when (1) holds with the strict inequality.
It is known that log-concavity implies unimodality [11].
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The first result dealing with unimodality of Pascal’s triangle elements is due to Tanny and Zuker [9], who showed that the
sequence of terms

(
n−k
k

)
(k = 0, . . . , bn/2c) is unimodal. They also investigated for α the unimodality of the sequence(

n−αk
k

)
in [8, 10]. Belbachir and al, also treat in [1] some cases of binomial sequence

(
n−αk
βk

)
. In [2], Belbachir and Szalay

proved that any ray crossing Pascal’s triangle provide Unimodal sequence.
In second kind’s Stirling triangle, Harper in [7], showed that

∑
k

{
n
k

}
xk has only real roots, Canfield [6] showed that the

sequence
({
n
k

})
k

is unimodal for a fixed n with at most two consecutive modes. In [3] Belbachir and Tebtoub proved that

the sequence
({

n−k
k

})
k

is strictly log-concave and unimodal with at most two consecutive modes, they also investigated for

α the unimodality of the sequence
({

n−αk
k

})
k

in [4].
By analogy to these works, our main interest is to examine combinatorial sequences connected to arithmetical triangles as the
Eulerien triangle.

2. Main results
The 2-successive Eulerian numbers denoted, A2(n, k), satisfy the following recurrence relation.

Theorem 1. For n ≥ 2k, we have

A2(n, k) = (k + 1)A2(n− 1, k) + (n− 2k)A2(n− 2, k − 1),

where A2(n, 0) = 1, n ≥ 0.

The 2-successive Eulerian numbers are linked to the Eulerian’s triangle elements as follows

Theorem 2. For n ≥ 2k, we have
A2(n, k) = A(n− k, k).

Corollary 2.1. For n ≥ 2k, we have

A2(n, k) =
k∑

i=0

(−1)i
(
n− k + 1

i

)
(k − i+ 1)(n−k).

Corollary 2.2. For n ≥ 2k, we have

A2(n, n− k − 1) =
k∑

i=0

(−1)k−i
(
k

i

)
ik.

We will also, give a combinatorial interpretation of the A2(n, k), and will establish the unimodality of the sequence
(A2(n, k))k.
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1 Université de Rouen, Laboratoire LITIS - EA 4108
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Abstract

In this work we are concerned with the one mode boson creation a+ and annihilation a operators satisfying
the relation [a, a+] = 1. We are interested in the combinatorial interpretation of a+ and a in the boson normal
ordering problem using new object coled B-Diagram. In the aim to explain the computations, Blasiak et al.
constructed a combinatorial Hopf algebra on these structures [1, 2]. We give a combinatorial interpretation
of the B-diagrams using set partitions and set partitions into lists, . . . to find as a result Stirling, r-Stirling,
rp-Stirling numbers and other series of numbers.
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1. Introduction
The creation and annihilation operators, denoted respectively by a† and a are non-Hermitian operators acting on the Fock
space by

a†∣n⟩ = √
n + 1∣n + 1⟩ and a∣n⟩ = √

n∣n − 1⟩. (1)

These operators generate the Heisenberg algebra abstractly defined as the free algebra generated by the elements a, a† and
quotiented by the relation [a, a†] = 1. (2)

Since J. Katriel pioneered the study of the combinatorial aspects of the normal ordering problem [4], several papers proposed
combinatorial and algebraic interpretations of these computations. A first example is ordering of the power of the number
operator:

(a+a)n = n∑
k=1S(n, k)(a+)kak (3)

where S(n, k) are the Stirling numbers of the second kind.set of n elements into k nonempty subsets.
In this paper, we first describe the combinatorial structure of B-diagrams. In the second section we give new interpretation

in terms of Stirling, r-Stirling and rp-Stirling numbers . . . using these combinatorial objects.
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2. Main results

2.1. B-diagrams: definition and first examples

Let us first introduce notation. Let #E denote the cardinal of the set E, Ja, bK ∶= {a, a + 1, . . . , b − 1, b} for any pairs of
integers a ≤ b, E = E′ ⊎E′′ when E = E′ ∪E′′ and E′ ∩E′′ = ∅.

Definition 1. A B-diagram is a 5-tuple G = (n,λ,E↑,E↓,E) such that n is an integer, λ = [λ1, . . . , λn] with λi ∈ N ∖ {0}
for each i, E↑,E↓ ⊂ J1, λ1 + ⋯ + λnK, E ⊂ {(a, b) ∶ a ∈ E↑, b ∈ E↓, v(a) < v(b)} where v ∶ J1, λ1 + ⋯ + λnK Ð→ J1, nK is
defined by v(k) = i if k ∈ Jλ1 + ⋯ + λi−1 + 1, λ1 + ⋯ + λiK, finally for each a ∈ E↑ and b ∈ E↓, the sets {(a, c) ∶ (a, c) ∈ E}
and {(c, b) ∶ (c, b) ∈ E} contain at most one element.

Graphically, a B-diagram can be represented as a graph with n vertices. The vertex i has exactly λi inner (resp. outer)
half-edges labeled by Jλ1 +⋯+ λi−1 + 1, λ1 +⋯+ λiK. The inner (resp. outer) half edges which does not belong to E↓ (resp.
E↑) are denoted by ×. An element of E is represented by an edge relying an outer half edge a of a vertex i to an inner half
edge b of a vertex j with i < j.
Example 1. For instance, the B-diagram G = (3, [3,1,2], J1,5K, J1,6K,{(1,6), (2,4), (4,5)}) is represented in Figure 1

1
1

1

2

2 3

3

2
4

4

3
5

5 6×

6

Figure 1: The B-diagram (3, [3,1,2],{1,2,3,4,5},{1,2,3,4,5,6},{(1,6), (2,4), (4,5)})
If G = (n,λ,E↑,E↓,E) we define some tools in the aim to manipulate more easily the B-diagrams

1. the number of vertices is ∣G∣ = n, of half-edges ω(G) = λ1 +⋯ + λn and of edges is τ(G) = #E,

2. the number of non used outer (resp. inner) half edges, h↑(G) = ω(G) − #e↑(E) (resp. h↓(G) = ω(G) − #e↓(E))
where e↑(a, b) = a (resp. e↓(a, b) = b),

3. the set of non used outer (resp. inner) non cut half edges, H↑f(G) = E↑ ∖ e↑(E) (resp. H↓f(G) = E↓ ∖ e↓(E)) ,

4. the number of non used outer (resp. inner) non cut half edges, h↑f(G) = #H↑f(G) (resp. h↓f(G) = #H↓f(G)), the
number of non used cut half edges, hc(G) = h↑(G) − h↑f(G) + h↓(G) − h↓f(G),

5. the set of half edges associated to a vertex i, Ĥ(i) = Jλ1 +⋯ + λi−1 + 1, λ1 +⋯ + λiK,

6. the set of outer (resp. inner) non cut half edges associated to a vertex i, Ĥ↑f(i) = E↑ ∩ Jλ1 +⋯+λi−1 + 1, λ1 +⋯+λiK
(resp. Ĥ↓f(i) = E↓ ∩ Jλ1 +⋯ + λi−1 + 1, λ1 +⋯ + λiK),

7. we will also use the map v of Definition 1; this map will be denoted vG in case of ambiguity.

Example 2. Consider the B-diagram G = (n,λ,E↑,E↓,E) represented in Figure 1. We have ∣G∣ = 3, ω(G) = 6, and
τ(G) = 3. We also have h↑(G) = 2, h↓(G) = 3, h↑f(G) = 2, h↓(G) = h↓f(G) = 3, and hc(G) = 1 since H↑f(G) = {3,5} and

H↓f(G) = {1,2,3}. Furthermore Ĥ(1) = Ĥ↑f(1) = Ĥ↓f(1) = {1,2,3}, Ĥ(2) = Ĥ↑f(2) = Ĥ↓f(2) = {4}, Ĥ(3) = Ĥ↓f(3) ={5,6}, and Ĥ↓f(3) = {5}. Finally, v(1) = v(2) = v(3) = 1, v(4) = 2, and v(5) = v(6) = 3.
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2.2. Combinatorial interpretation

Let dp,q denote the number of B-diagram G such that ω(G) = p and h↑f(G) = q.We find the induction

dp,q = p∑
i=1

i∑
j=0

i∑
k=0

j∑̀=0 `!(
j

`
)(q − k + `

`
)(i
j
)( i
k
)dp−i,q−k+j , (4)

with the special cases d0,0 = 1 and dp,q = 0 if p, q ≤ 0 and (p, q) ≠ (0,0). Indeed, we obtain a diagram with p half edges and
q non used outer non cut half edges by branching ` inner half edges of an elementary B-diagram with i half edges, j ≤ i non
used inner non cut half edges, and k ≤ i non used outer non cut half edges to a B-diagram with p − i half edges and q − k + j
non used outer non cut half edges. The number of ways to do that is `!(j

`
)(q−k+`

`
)(i

j
)(i

k
). Indeed, the factor `! is the number

of permutation of the inner half edges of the elementary B-diagram, the factor (j
`
) corresponds to the choice of ` half edges

in the set of the j possible non cut half edges, the coefficients (q−k+`
`

) is the number of ways to choose ` outer half edges in
the second B-diagram, and the factors (i

j
)(i

k
) is the number of ways to select j inner half edges and k outer half edges in i

half edges. The number αp of B-diagrams having exactly p half edges is given by αp = ∑p
q=0 dp,q.

The first values are 1,4,36,372,4372,57396,828020,12962164,218098356, . . .

Now, we give a combinatorial interpretation of the B-diagrams using set partitions and set partitions into lists. Let G =(n, [λ1, . . . , λn],E↑,E↓,E) be a B-diagram, we split each vertex i into λi vertex such that each one has one inner and one
outer (see Figure 2), we denote by Ri(G) the set of those elements (#Ri = λi). The configuration of the new vertices can
be regrouped into four subsets, denoted A, M+, M− and S with A ∩M+ ∩M− ∩ S = ∅ and V (G) = A ∪M+ ∪M− ∪ S =⋃n

i=1Ri(G), such that

• A = E↑ ∩E↓, which corresponds to the elements having valid inner and outer.

• M+ = {a ∈ E↑ ∧ a ∉ E↓}, which corresponds to the elements having valid outer and stump inner.

• M− = {a ∈ E↓ ∧ a ∉ E↑}, which corresponds to the elements having valid inner and stump outer.

• S = {a ∉ E↑ ∧ a ∉ E↓}. which corresponds to the elements having stump inner and outer.

Definition 2. Let S(G,m) be the number of B-diagram G having exactly m non used inner half-edges and B(G) =∑k S(G,k) is the number of B-diagram G.

Definition 3. Let D be a diagram and k an integer, we define The G = {V (G)
k

} as the number of partitions of the set V (G)
(or V ) into k parts such that :

• the elements of each subset Ri(G) (1 ≤ i ≤ n) are in distinct parts,

• the elements of the subset S are singletons,

• the elements of the subset M+ are maximal in there parts,

• the elements of the subset M− are minimal in there parts.

We define B(G) as B(G) ∶= ∑k {V (G)
k

}.
Proposition 1.

S(G,m) = { V (G)
m +#(S ∪M−)} (5)

Example 3. We consider the B-diagram defined by G = {4, [1,3,2,1],{1,3,4,6},{1,3,6,7},{(1,6), (3,7)}}, correspond-
ing to a set V (G) = {1, . . . ,7} with A = {1,3,6}, M+ = {7}, M− = {4}, S = {2,5}, R1 = {1}, R2 = {2,3,4}, R3 = {5,6}
and R4 = {7}. G can be interpreted as the set partition: {{1,6}{2}{3,7}{4}{5}}.
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r-Stirling and (r1, . . . , rp)-Stirling numbers of the second kind

Mihoubi and Maamra [6] defined the (r1, . . . , rp)-Stirling numbers of the second kind, denoted {n
k
}

r1,...,rp
, as the number

of partitions of n elements into k parts such that the elements of each subset Ri are in distinct parts. The (r1, . . . , rp)-Bell
numbers, denoted Br1,...,rp(n), count the number of partition of n elements under the same condition.

Br1,...,rp =∑
k

{n
k
}

r1,...,rp

. (6)

Let us consider the B-diagram Br1,...,rn = (n, [r1, . . . , rn],{1, . . . , r1 +⋯+ rn},{1, . . . , r1 +⋯+ rn},E) corresponding
to the set representation V = {1, . . . , r1 +⋯ + rn} with A = V and M+ =M− = S = ∅.

Proposition 2. We have {V (Br1,...,rn)
k

} = {r1+⋯+rn

k
}

r1,...,rn
and B(V ) = Br1,...,rn(r1 +⋯ + rn).

Example 4. We consider the B3,2,3,2,1 corresponding to the set partition {{1,6}{2}{3,10}{4,9}{5}{7}{8}{11}}
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Figure 2: The B-diagram (5, [3,2,3,2,1], J1,10K, J1,10K,{(1,5), (4,6)})
We denoted by {n

k
}

r
, the r-Stirling numbers of the second kind [3]. Let us consider the B-diagramBr1,...,rn = (n, [r1,1, . . . ,1],{1, . . . , r + n − 1},{1, . . . , r + n − 1},E) corresponding to the set representation V = {1, . . . , r + n − 1} with A = V ,

M+ =M− = S = ∅, R1 = {1, . . . , r} and Rj = {r + j − 1} (2 ≤ j ≤ n).

Proposition 3. We have {V (Br1,...,rn)
k

} = {n+r−1
k

}
r
. and B(V ) = Bn+r−1,r.

Example 5. We consider theR = (5, [3,1,1,1,1], J1,7K, J1,7K,{(1,5), (4,6)}) corresponding to the set partition {{1,5}{2}{3}{4,6}{7}}.
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[5] I. Mezö, The r-Bell numbers,Journal of Integer Sequences, 14(1), 2011.

[6] M. Mihoubi and M. Maamra, The (r1, . . . , rp)-Stirling numbers of the second kind,Integers, 12,1047–1059, 2012.

15



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Le Meta-Storming, un outil pour la mise en œuvre
collaborative des Métaheuristiques

Mohammed Yagouni1∗, Haoi An Le Thi2,

1 LaROMAD, USTHB
BP 32 El Alia - Bab Ezzouar, Alger 16111, Algérie

mohammed.yagouni@univ-lorraine.fr
2 Université de Lorraine, LITA

Ile du Saulcy 57445 Cedex, Metz, France
hoai-An.Le-Thi@univ-lorraine.fr

Résumé
L’essentiel de cette contribution réside dans la conception et la construction d’un système basé

sur la collaboration et la coopération des métaheuristiques pour la résolution des problèmes difficiles
de l’optimisation et particulièrement ceux de l’optimisation combinatoire. Nous avons conçu et mis
en oeuvre une approche coopérative et collaborative en vue essentiellement de fédérer et mettre à
profit la complémentarité des propriétés désirables, telle que l’intensification et la diversification, en
les regroupant dans une approche de résolution collective pour la résolution d’une même instance d’un
problème donné de l’optimisation combinatoire (POC).

Key words : Métaheuristiques, Brainstorming, Collaboration, Programmation Parallèle, Programmation Distri-
buée.

1. Introduction
L’idée de concevoir cette approche d’optimisation est inspirée de la célèbre technique du Brainstorming. Une
technique efficace de résolution collective des problèmes de sociétés, inventée en 1935 par Alex F. Osborn [1], le
Brainstorming est, en effet, une technique efficace utilisée à ce jour dans le management opérationnel des Entreprises
et la recherche participative de solutions à un large éventail de problèmes.
L’apport de l’approche proposée réside dans la transposition de la technique du Brainstorming à la prise en
charge de la problématique de l’optimisation combinatoire, à travers l’adaptation de ses règles de déroulement
et la mise en oeuvre de ses principes fondateurs tels qu’ils ont été imposés par son inventeur. En effet, en vue
de résoudre un problème d’optimisation donné, le système obtenu, «Brainstorming des Métaheuristiques ou le
Meta-Storming»[2], dans son mode opératoire, utilise plusieurs processus indépendants et parallèles, implémentant
chacun une méthode ou une variante d’une méthode donnée, collaborent et coopèrent entre-eux, par des échanges
asynchrones d’informations (solutions courantes) pour trouver la meilleure solution d’une même instance. Le Méta-
Storming obtenu est un système où, un véritable équilibre entre la diversification de la recherche et l’intensification
dans les zones susceptibles de contenir une solution optimale sont assurées, voire renforcées dans le processus de
∗Speaker 16
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recherche. En effet, la diversification recherchée est prise en charge par exploration d’une manière concurrente des
divers sous-espaces de l’espace de recherche tout en assurant une intensification effective réalisée au niveau de
chaque processeur. Une accélération du temps d’exécution du processus d’optimisation et de recherche globale est
rendue possible par une implémentation parallèle et distribuée du système.

2. Le Brainstorming
Le mot "Brainstorming" et la technique à laquelle il fait référence, ont été inventés en 1935 par Alex Faickney

Osborn. A l’origine, la méthode Brainstorming, est mise en œuvre en tant que mode efficace pour la conduite
des réunions de groupes au sein des Entreprises, notamment, pour trouver collectivement des solutions à des
problèmes complexes. La flexibilité de son adaptation et la simplicité de sa mise en œuvre sont autant d’ingrédients
qui ont contribués à son large succès, pour se voir aujourd’hui, décliné en un éventail de méthodes adaptées
dans divers domaines, allant des compagnies publicitaires, à la gouvernance participative dans des grands projets
d’aménagement du territoire et de protection de l’environnement, en passant par son utilisation dans la recherche
de politiques d’investissement et autres projets budgétivores et de décisions stratégiques.

2.1. Le Méta-Storming ou le Brainstorming des métaheuristiques
Les notions et les concepts de base liés au Brainstorming ; les principes et les règles de la définition et de la

composition d’une équipe ainsi que les étapes complémentaires du déroulement d’une séance de Brainstorming
sont détaillés dans [1,2]. Nous nous contentons dans ce travail de résumer essentiellement le schéma suivi dans
la transposition de ce mode de réunion efficace au domaine des POCs, et sa mise en oeuvre pour la résolution
d’un POC, à l’exemple de l’archétype de cette classe de problèmes, en l’occurrence le Problème du Voyageur de
Commerce (PVC). Le tableau 1 illustre la forte analogie entre le brainstorming et le processus d’optimisation.

Brainstorming Optimisation
Problème à résoudre par Brainstorming Instance d’un POC
Idée dans une réunion Solution (réalisable, partielle, complète)
Evaluation d’une idée Evaluation d’une solution (fonction objectif)
Modérateur Algorithme de Tri
Participants(Assistants) Méthodes de résolution
Dispositif de mémorisation Mémoire Adaptative
Combinaison et association d’idées Combinaison de solutions

Tab. 1 – Analogie entre le Brainstorming et le Processus d’Optimisation

Le schéma d’implémentation suivi pour la mise en oeuvre du Meta-Storming est celui présenté à la figure 1 suivante.

2.2. Mise en oeuvre de l’approche proposée pour le PVC
L’approche proposée a été appliquée pour la résolution des instances du PVC. Les méthodes participantes

implémentées pour le PVC sont le Recuit Simulé, les Algorithmes Génétiques, la Recherche à Voisinages Variables.
Leurs solutions initiales ont été obtenues à l’aide des heuristiques de construction de solutions (Plus Proche Voisin,
Regret Maximum, les algorithmes d’insertions...). La mise en oeuvre s’est faite en suivant le schéma d’implémen-
tation présenté à la figure 2 suivante.

3. Conclusions et Perspectives
Nous avons présenté une approche distribuée collaborative pour résoudre des POCs. L’idée de collaboration

entre les métaheuristiques est inspirée de la technique du brainstorming, nous l’avons mise en oeuvre pour la
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résolution du PVC et les résultats probants des premiers tests réalisés sur des benchmarks de la TSPLIB, et d’autres
en cours, nous laissent escompter que ce schéma générique puisse être adapté à d’autres domaines d’optimisation
telle que l’optimisation non convexe et l’optimisation multiobjectif.
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Abstract

Two digraphs G = (V,E) and G′ = (V,E′) are isomorphic up to complementation if G′ is isomorphic
to G or to the complement G of G. Let k be a nonnegative integer, G and G′ are k-hypomorphic up to
complementation if for every k-element subset X of V , the induced sub-digraphs G�X and G′�X are isomorphic
up to complementation. The digraphs G and G′ are (≤ k)-hypomorphic up to complementation if they are
t-hypomorphic up to complementation for all integer t ≤ k. We conjecture that for k large enough, if G and
G′ are (≤ k)-hypomorphic up to complementation then G′ is isomorphic up to complementation to G or to
the dual G∗ of G. Here we prove that this conjecture is true whenever the boolean sum U := G ⊕ G′ and the
complement U are both connected, in this case the smallest value of k is 5.

Key words: Digraph, isomorphism, k-hypomorphy up to complementation, boolean sum, symmetric graph, tournament.

2010 Mathematics Subject Classification: 05C50; 05C60.

1. Introduction
This work is about isomorphy and reconstruction of digraphs up to complementation. The case of symmetric digraphs was
studied by J.Dammak, G.Lopez, M.Pouzet and H.Si Kaddour [2, 3].

A directed graph or simply digraph G consists of a finite and nonempty set V of vertices together with a prescribed
collection E of ordered pairs of distinct vertices, called the set of the arcs of G. Such a digraph is denoted by (V (G), E(G))
or simply (V,E). Given a digraph G = (V,E), to each nonempty subset X of V associate the subdigraph (X,E∩ (X×X))
of G induced by X denoted by G�X . Given a proper subset X of V , G�V−X is also denoted by G − X , and by G − v
whenever X = {v}. With each digraph G = (V,E) associate its dual G∗ = (V,E∗) and its complement G = (V,E) defined

∗Aymen Ben Amira
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as follows. Given x 6= y ∈ V, (x, y) ∈ E∗ if (y, x) ∈ E, and (x, y) ∈ E if (x, y) 6∈ E.
Let G = (V,E) be a digraph, for x 6= y ∈ V , x −→

G
y or y ←−

G
x means (x, y) ∈ E and (y, x) /∈ E; x

G
y means

(x, y) ∈ E and (y, x) ∈ E; x . . .
G
y means (x, y) /∈ E and (y, x) /∈ E.

Two interesting types of digraphs are symmetric graphs and tournaments. A digraph G = (V,E) is a symmetric graph or
graph (resp. tournament) whenever for x 6= y ∈ V , x

G
y or x . . .

G
y (resp. x −→

G
y or y −→

G
x). If G = (V,E) is a

symmetric graph, each arc (x, y) of G is identified with the pair {x, y} and is called an edge of G.
Given two digraphsG = (V,E) andG′ = (V ′, E′), a bijection f from V onto V ′ is an isomorphism fromG ontoG′ provided
that for any x, y ∈ V , (x, y) ∈ E if and only if (f(x), f(y)) ∈ E′. The digraphs G and G′ are isomorphic, which is denoted
by G ' G′, if there exists an isomorphism from one onto the other, otherwise G 6' G′.
Given two digraphs G and G′ on the same vertex set V . They are equal up to complementation if G′ = G or G′ = G. Let k
be an integer with 0 < k < |V |, the digraphs G and G′ are k-hypomorphic if for every k-element subset X of V , the induced
subdigraphs G�X and G′�X are isomorphic. The digraphs G and G′ are (≤ k)-hypomorphic if they are t-hypomorphic for
all integer t ≤ k. The digraphs G and G′ are isomorphic up to complementation if G′ is isomorphic to G or G (resp. G or
G∗). Let k be a positive integer, the digraphs G and G′ are k-hypomorphic up to complementation if for every k-element
subset X of V , the induced subdigraphs G�X and G′�X are isomorphic up to complementation. The digraphs G and G′ are
(≤ k)-hypomorphic up to complementation if they are t-hypomorphic up to complementation for all integer t ≤ k.

The symmetric graph Pn is defined in the following manner. For i 6= j ∈ {0, 1, . . . , n − 1}, {vi, vj} is an edge of Pn

when |i− j| = 1. Thus Pn := v0 v1 . . . vn−2 vn−1.
A path is a symmetric graph isomorphic to Pn. A cycle is a symmetric graph isomorphic to Cn := (V (Pn), E(Pn) ∪
{{v0, vn−1}}) = vn−1 v0 v1 . . . vn−2 vn−1.
We define the digraph

−→
Pn by, for i 6= j ∈ {0, 1, . . . , n−1}, vi −→−→

Pn
vj when j = i+1. Thus

−→
Pn := v0 −→ v1 −→ . . . −→

vn−2 −→ vn−1. We denote by directed path or oriented path a digraph isomorphic to
−→
Pn and by directed cycle or oriented

cycle a digraph isomorphic to
−→
Cn := (V (

−→
Pn), E(

−→
Pn) ∪ {(vn−1, v0)})=vn−1 −→ v0 −→ v1 −→ . . . −→ vn−2 −→ vn−1,

and
−→
P f

n (resp.
−→
Cf

n) is obtained from
−→
Pn (resp.

−→
Cn) by switching the void pairs by the full pairs. Thus

−→
P f

n = (
−→
Pn)∗ and−→

Cf
n = (

−→
Cn)∗.

Dammak, Lopez, Pouzet and Si Kaddour [2, 3] proved that, for symmetric digraphs of size n, k-hypomorphy up to
complementation implies isomorphy up to complementation if 4 ≤ k ≤ n− 3, in particular if 4 ≤ k ≤ n− 4 they obtained
the equality up to complementation. The case k = n− 3, needs the following result of Pouzet, Si Kaddour and Trotignon [4]
on the boolean sum of two symmetric graphs which are 3-hypomorphic up to complementation.

Theorem 1. [4] If G and G′ are two symmetric graphs, 3-hypomorphic up to complementation and |V (G)| ≥ 10, then the
connected components of U := G⊕G′, or of its complement U , are cycles of even length or paths.

2. Main results
Our main result is the following.

Theorem 2. Let G and G′ be two digraphs on the same set V of n ≥ 4 vertices such that G and G′ are (≤ 5)-hypomorphic
up to complementation. Let U := G⊕G′. If U and U are connected, then G′ is isomorphic up to complementation to G or
G∗. Moreover if G′ and G are not chains then G′ is equal up to complementation to G or G∗

To prove this, we establish first the following result.

Theorem 3. Let G and G′ be two digraphs on the same set V of n ≥ 4 vertices such that G and G′ are (≤ 5)-hypomorphic
up to complementation. Let U := G⊕G′. If U and U are connected, then one of the following holds:

1. G and G′ are two chains.

2. G ' −→Pn or G ' −→Cn, and G′ = G∗.

3. G ' −→Pn or G ' −→Cn, and G′ = G∗.

4. G '
−→
P f

n or G '
−→
Cf

n , and G′ = G∗.

5. G '
−→
P f

n or G '
−→
Cf

n , and G′ = G∗.
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From Theorem, 3 we deduce trivially the following result for digraphs which is similar to Theorem 1.

Theorem 4. Let G and G′ be two digraphs on the same set V of n ≥ 4 vertices such that G and G′ are (≤ 5)-hypomorphic
up to complementation and U := G ⊕G′. If U and U are connected and G is not a total order, then U or U is a cycle or a
path.
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Abstract

The packing chromatic number χρ(G) of a graph G is the smallest integer k such that its set of vertices
V (G) can be partitioned into k disjoint subsets V1, ..., Vk, in such a way that every two distinct vertices in Vi
are at distance greater than i in G for every i, 1 ≤ i ≤ k. For a given integer p ≥ 1, the generalized corona
G� pK1 of a graph G is the graph obtained from G by adding p degree-one neighbors to every vertex of G. In
this presentation, we determine the packing chromatic number of generalized coronae of paths and cycles.
Moreover, by considering digraphs and the (weak) directed distance between vertices, we get a natural extension
of the notion of packing coloring to digraphs. We then determine the packing chromatic number of orientations
of generalized coronae of paths and cycles.

Key words: Packing coloring; Packing chromatic number; Corona graph; Path; Cycle.

2010 Mathematics Subject Classification: 05C15,05C70.

1. Introduction
All the graphs we considered are simple and loopless. For an undirected graph G, we denote by V (G) its set of vertices and
by E(G) its set of edges. The distance dG(u, v), or simply d(u, v), between vertices u and v in G is the length (number of
edges) of a shortest path joining u and v. The diameter of G is the maximum distance between two vertices of G. We denote
by Pn the path of order n and by Cn, n ≥ 3, the cycle of order n.The corona G�K1 of a graph G is the graph obtained from
G by adding a degree-one neighbor to every vertex of G. We call such a degree-one neighbor a pendant vertex or a pendant
neighbor. More generally, for a given integer p ≥ 1, the generalized corona G � pK1 of a graph G is the graph obtained
from G by adding p pendant neighbors to every vertex of G.
Packing coloring has been introduced by Goddard, Hedetniemi, Hedetniemi, Harris and Rall [1] under the name broadcast
coloring and has been studied by several authors in recent years.

∗Speaker
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2. Main results

2.1. Packing coloring of some undirected coronae graphs

We study in this section coronae of paths and cycles. We first determine the packing chromatic number of coronae of paths.
Note that any corona Pn �K1 is also a caterpillar of length n.

Theorem 1. The packing chromatic number of the corona graph Pn �K1 is given by:

χρ(Pn �K1) =





2 if n = 1,
3 if n ∈ {2, 3},
4 if 4 ≤ n ≤ 9,
5 if n ≥ 10.

In [4], William, Roy and Rajasingh proved that χρ(Cn � K1) ≤ 5 for every even n ≥ 6. We complete their result as
follows:

Theorem 2. The packing chromatic number of the corona graph Cn �K1 is given by:

χρ(Cn �K1) =
{

4 if n ∈ {3, 4},
5 if n ≥ 5.

When considering generalized coronae of paths or cycles, the following proposition is useful:

Proposition 1. Let Pn = x1 . . . xn, n ≥ 2, be a path and Pn � pK1, p ≥ 1, be a generalized corona of Pn. Any packing
coloring π of Pn � pK1 with π(xi) = 1 for some vertex xi must use at least p+ 3 colors if 2 ≤ i ≤ n− 1, or at least p+ 2
colors if i ∈ {1, n}.

Similarly, if Cn � pK1, p ≥ 3, is a generalized corona of Cn = y1 . . . yn, then any packing coloring π′ of Cn � pK1

with π′(yi) = 1 for some vertex yi must use at least p+ 3 colors.

The value of the packing chromatic number of generalized coronae of paths Pn � pK1 with p ≥ 4 is given by the
following theorem:

Theorem 3. Let Pn � pK1, p ≥ 4, be a generalized corona of the path Pn. Then we have:

χρ(Pn � pK1) =





2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 8,
6 if 9 ≤ n ≤ 34,
7 otherwise.

The value of the packing chromatic number of generalized coronae of paths Pn � pK1, when p ∈ {2, 3}, is given by the
next two results. We will see that the maximum value of the packing chromatic number of such graphs is 6, slightly better
than the bound given in Theorem 3. This is due to the fact that the number of pendant vertices is now bounded by 3, which
allows us to use color 1 for coloring the vertices of the path Pn.

Theorem 4. Let Pn � 2K1 be a generalized corona of the path Pn. Then we have:

χρ(Pn � 2K1) =





2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 11,
6 otherwise.
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Theorem 5. Let Pn � 3K1 be a generalized corona of the path Pn. Then we have:

χρ(Pn � 3K1) =





2 if n = 1,
3 if n = 2,
4 if n ∈ {3, 4},
5 if 5 ≤ n ≤ 8,
6 otherwise.

We now turn to generalized coronae of cycles Cn � pK1. When p ≥ 4, we have the following (note the particular case
when n = 11):

Theorem 6. Let Cn � pK1, p ≥ 4, be a generalized corona of the cycle Cn. Then we have:

χρ(Cn � pK1) =





4 if n = 3,
5 if n = 4,
6 if n ∈ {5, 6},
8 if n = 11,
7 otherwise.

Finally, for p = 3, we have the following:

Theorem 7. Let Cn � 3K1 be a generalized corona of the cycle Cn. Then we have:

χρ(Cn � 3K1) =





4 if n = 3,
5 if n = 4,
7 if n ∈ {7, . . . , 13, 15, . . . , 22, 24, . . . , 27, 30, . . . , 36, 39, 40, 41}

∪ {45, 47, . . . , 50, 53, 54, 55, 59, 62, 63, 64, 68, 77, 78, 91},
6 otherwise.

2.2. Packing coloring of some oriented coronae graphs

Proposition 2. For every orientation
−→
G of an undirected graph G, χρ(

−→
G) ≤ χρ(G).

Note also that Proposition is still valid for oriented graphs:

Proposition 3. If
−→
H is a subgraph of

−→
G , then χρ(

−→
H ) ≤ χρ(

−→
G).

The characterization of oriented graphs with packing chromatic number 2 is given by the following result:

Proposition 4. For every orientation
−→
G of an undirected graph G, χρ(

−→
G) = 2 if and only if (i) G is bipartite and (ii) one

part of the bipartition of G contains only sources or sinks in
−→
G .

We now determine the packing chromatic number of orientations of paths, cycles, and coronae of paths and cycles.
For oriented paths, we have the following:

Theorem 8. Let
−→
Pn be any orientation of the path Pn = x1 . . . xn. Then, for every n ≥ 2, 2 ≤ χρ(

−→
Pn) ≤ 3. Moreover,

χρ(
−→
Pn) = 2 if and only if one part of the bipartition of Pn contains only sources or sinks in

−→
Pn.

For oriented cycles, we have the following:

Theorem 9. Let
−→
Cn be any orientation of the cycle Cn = x0 . . . xn−1x0. Then, for every n ≥ 3, 2 ≤ χρ(

−→
Cn) ≤ 4. Moreover,

(1) χρ(
−→
Cn) = 2 if and only if Cn is bipartite (that is, n is even) and one part of the bipartition contains only sources or

sinks in
−→
Cn.
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(2) χρ(
−→
Cn) = 4 if and only if

−→
Cn is a directed cycle (all arcs have the same direction), n ≥ 5 and n 6≡ 0 (mod 4).

For orientations of generalized coronae of paths, we have the following:

Theorem 10. Let
−→
G be any orientation of a generalized corona Pn � pK1, with p ≥ 1 and Pn = x1 . . . xn. Then, for every

n ≥ 1, 2 ≤ χρ(
−→
G) ≤ 3. Moreover, χρ(

−→
G) = 2 if and only if one part of the bipartition of Pn � pK1 contains only sources

or sinks in
−→
G .

Finally, for orientations of generalized coronae of cycles, we have the following:

Theorem 11. Let
−→
G be any orientation of a generalized corona Cn � pK1, with p ≥ 1 and Cn = x0 . . . xn−1. Then, for

every n ≥ 3, 2 ≤ χρ(
−→
G) ≤ 4. Moreover,

(1) χρ(
−→
G) = 2 if and only if Cn�pK1 is bipartite (that is, n is even) and one part of the bipartition contains only sources

or sinks in
−→
G .

(2) χρ(
−→
G) = 4 if and only if either:

(2.1)
−→
Cn is a directed cycle, n ≥ 5 and n 6≡ 0 (mod 4), or

(2.2)
−→
G contains the oriented graph depicted in Figure ?? as a subgraph, or

(2.3) n ≡ 0 (mod 4) and there exists a vertex xi, 0 ≤ i ≤ n − 1, such that the paths xixi+1xi+2xi+3 and
xi+4 . . . xi−1(indices are taken modulo n) are both directed paths, but in opposite direction.

Proposition 5. Let
−→
Pn be any orientation of the path Pn = x1 . . . xn of odd length n− 1 and S be a set of sources or sinks

in
−→
Pn with odd indices not containing x1. Consider the coloring π of

−→
Pn produced by SCP with (c, c′) = (1, α) for some

α ∈ {2, 3} and S. Then we have:

(i) π(xn) = α if |S| is even (resp. odd) and n ≡ 2 (mod 4) (resp. n ≡ 0 (mod 4)),

(ii) π(xn) = 5− α otherwise.

3. Conclusion
In this presentation, we have determined the packing chromatic number of coronae and generalized coronae of paths and
cycles. We also extended to digraphs the notion of packing coloring and determined the packing chromatic number of
orientations of such graphs.
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Abstract

The importance of relations is almost self-evident. Science is, in a sense, the discovery of relations between
observables. Zadeh has shown the study of relations to be equivalent to the general study of systems (a system
is a relation between an input space and an output space). Goguen, J.A. [6]

Key words: Relational algebra, nondeterministic semantics, demonic calculus, fuzzy calculus, demonic calculus.
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1. Introduction

The calculus of relations has been an important component of the development of logic and discrete mathematics since the
middle of the nineteenth century. George Boole, in his ”Mathematical Analysis of Logic” [2], initiated the treatment of logic
as part of mathematics, specifically as part of algebra. Quite the opposite conviction was put forward early this century by
Bertrand Russell and Alfred North Whitehead in their Principia Mathematica [?]: that mathematics was essentially grounded
in logic. The logic is developed in two streams. On the one hand algebraic logic, in which the calculus of relations played
a particularly prominent part, was taken up from Boole by Charles Sanders Peirce, who wished to do for the ”calculus of
relatives” what Boole had done for the calculus of sets, Peirce’s work was in turn taken up by Schröder in ”Algebra und
Logik der Relative” [10]. Schröder’s work, however, lay dormant for more than 40 years, until revived by Alfred Tarski in his
seminal paper ”On the calculus of binary relations” [11]. Tarski’s paper is still often referred to as the best introduction to the
calculus of relations. It gave rise to a whole field of study, that of relation algebras, and more generally Boolean algebras with
operators. This important work defined much of the subsequent development of logic in the 20th century, completely eclipsing
for some time the development of algebraic logic. In this stream of development, relational calculus and relational methods
appear with the development of universal algebra in the 1930’s, and again with model theory from the 1950’s onwards. In
so far as these disciplines in turn overlapped with the development of category theory, relational methods sometimes appear
in this context as well. It is fair to say that the role of the calculus of relations in the interaction between algebra and logic
is by now well understood and appreciated, and that relational methods are part of the toolbox of the mathematician and the
logician.

The main advantages of the relational formalization are uniformity and modularity. Actually, once problems in these
fields are formalized in terms of relational calculus, these problems can be considered by using formulae of relations, that is,
we need only calculus of relations in order to solve the problems. This makes investigation on these fields easier.

∗Speaker
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Demonic relational calculus In the context of software development, one important approach is that of developing pro-
grams from specifications by stepwise refinement, see, e.g. [1, 13, 15].

One point of view is that a specification is a relation constraining the input-output (respectively, argument-result) behavior
of programs. Inspired by interpretation of relations as non-deterministic programs, demonic, angelic and erratic variants of
relational operations have been studied. The demonic interpretation of non-deterministic turns out to closely correspond to
the concept of under-specification, and therefore the demonic operations are used in most refinement calculus.

Fuzzy Calculus Fuzzy ”As the complexity of a system increases, our ability to make precise and yet significant statements
about its behavior diminishes until a threshold is reached beyond which precision and significance (or relevance) become
almost mutually exclusive characteristics.” [?]

Let us consider characteristic features of real-world systems again: real situations are very often uncertain or vague in
a number of ways. Due to lack of information the future state of the system might not be known completely. This type of
uncertainty has long been handled appropriately by probability theory and statistics. This Kolmogoroff-type probability is
essentially frequentistic and bases on set-theoretic considerations. Koopman’s probability refers to the truth of statement and
therefore bases on logic. On both types of probabilistic approaches it is assumed, however, that the events (elements of sets)
or the statements, respectively, are well defined. We shall call this type of uncertainty or vagueness stochastic uncertainty
by contrast to the vagueness concerning the description of the semantic meaning of the events, phenomena or statements
themselves, which we shall call fuzziness. Fuzziness can be found in many areas of daily life, such as in engineering, in
medicine, in meteorology, in manufacturing [8]; and others. The first publications in fuzzy set theory by Zadeh [17] and
Goguen [6, 7] show the intention of the authors to generalize the classical notion of a set. Zadeh writes:”The notion of a
fuzzy set provides a convenient point of departure for the construction of a conceptual framework which parallels in many
respects the framework used in the case of ordinary sets, but is more general than the latter and, potentially, may prove to have
a much wider scope of applicability, particularly in the fields of mathematics and computer science (pattern classification and
information processing).

Fuzzy set theory provides a strict mathematical framework ( there is nothing fuzzy about fuzzy set theory) in which
vague conceptual phenomena can be precisely and rigorously studied. It can also be considered as a modeling language well
suited for situations in which fuzzy relations, criteria, and phenomena exist. It will mean different things, depending on the
application area and the way it is measured. In the meantime, numerous authors have contributed to this theory. In 1984
as many as 4000 publications may already exist. The specialization of those publications conceivably increases, making it
more and more difficult for new comers to this area. Roughly speaking, fuzzy set is a formal theory which, when maturing,
became more sophisticated and specified and was enlarged by original ideas and concepts as well as by ”embracing” classical
mathematical areas such as algebra, graph theory, topology, and so on by generalizing (fuzzifying) them. As a very powerful
modeling language, that can cope with a large fraction of uncertainties of real-life situations. There are countless applications
for fuzzy logic. In fact, some claim that fuzzy logic is the encompassing theory over all types of logic. The items in this list
are more common applications that one may encounter in everyday life, for example Temperature control (heating/cooling),
Medical diagnoses, Predicting travel time, auto-Focus on a camera, predicting genetic traits and bus Time Tables.
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Abstract

Given a tournament T = (V,A), a subset X of V is an interval of T provided that for any a, b ∈ X
and x ∈ V \ X , (a, x) ∈ A if and only if (b, x) ∈ A. For example, ∅, the single-vertex sets and V are
intervals of T , called trivial intervals. A tournament whose intervals are trivial is indecomposable; otherwise,
it is decomposable. Two tournaments are said to be equivalent if both are indecomposable or not. Given two
tournaments T = (V,A) and T ′ = (V,A′), consider an integer k such that 0 < k <| V |. We say that T and T ′

are {−k}-equivalent if T −X and T ′−X are equivalent for every subset X of V with | X |= k. A tournament
T is said to be {−k}-recognizable if any tournament {−k}-equivalent to T is equivalent to it. We describe the
non {−2}-recognizable indecomposable tournaments.

Key words: Indecomposability graph, Interval, Indecomposable tournament.

2010 Mathematics Subject Classification: 05C50, 05C60.

1. Introduction
A digraph G is defined by a finite and nonempty vertex set V (G) and an arc set A(G), where an arc is an ordered pair of dis-
tinct vertices. Such a digraph is denoted by (V (G), A(G)) or simply (V,A). The cardinality of G, denoted by | V | or v(G),
is that of V (G). The digraph dual G? = (V,A?) associated to G is defined on V such that for any x 6= y ∈ V , (x, y) ∈ A?

if and only if (y, x) ∈ A. With each nonempty subset X of V we associate the subdigraph G[X] = (X,A ∩ (X ×X)) of G
induced by X . Given a proper subset X of V , G[V \X] is also denoted by G−X , and by G− x whenever X = {x}.
A digraph G is a tournament if | A(G) ∩ {(v, w), (w, v)} |= 1 for any v 6= w ∈ V (G). Let T = (V,A) be a tourna-
ment. For any (distinct) vertices x, y of V , the notation x −→ y signifies that (x, y) ∈ A. For each subset X of V , set
N−T (X) = {y ∈ V : y −→ X} and N+

T (X) = {y ∈ V : X −→ y}. For convenience, given x ∈ V , N−T ({x}) is denoted by
N−T (x), and N+

T ({x}) is denoted by N+
T (x).
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Given a tournament T = (V,A), a subset X of V is an interval of T provided that for any a, b ∈ X and x ∈ V \ X ,
(a, x) ∈ A if and only if (b, x) ∈ A. For example, ∅, the single-vertex sets and V are intervals of T , called trivial intervals.
A tournament whose intervals are trivial is indecomposable[4],[5],[1]; otherwise, it is decomposable.

Let T = (V,A) be a tournament. Given a proper subsetX of V such that |X| ≥ 3 and T [X] is indecomposable, consider
the following subsets of V \X .

• Ext(X) is the set of v ∈ V \X such that T [X ∪ {v}] is indecomposable;

• 〈X〉 is the set of v ∈ V \X such that X is an interval of T [X ∪ {v}], that is,

〈X〉 = N−T (X) ∪N+
T (X)

• for each u ∈ X , X(u) is the set of v ∈ V \X such that {u, v} is an interval of T [X ∪{v}]. Besides, for u ∈ X , X(u)
is divided into X−(u) and X+(u) as follows

– X−(u) is the set of the elements x of X(u) such that x −→ u;

– X+(u) is the set of the elements x of X(u) such that u −→ x.

The family constituted by Ext(X), 〈X〉 and X(u), where u ∈ X , is denoted by pX .

2. Main results
Two digraphs are said to be equivalent under indecomposability or simply equivalent [2] if both are indecomposable or not.
Given two digraphs G = (V,A) and G′ = (V,A′), we consider an integer k such that 0 < k <| V |. We say that G and G′

are {−k}-equivalent if G−X and G′ −X are equivalent for every subset X of V with | X |= k. A digraph G is said to be
{−k}-recognizable if any digraph {−k}-equivalent to G is equivalent to it.
In [2], the authors studied the {−2}-recognition of digraphs. They gave a counter example to {−2}-recognizable graph.
Thus, the following problem arises:

Problem[2] Given k > 1, are the digraphs with at least 2k + 1 vertices are {−2k}-recognizable?
To characterize the non {−2}-recognizable indecomposable tournaments we have to introduce the following tournaments

[3].

• For n ≥ 3, the tournament Pn = (Nn, An) is defined as follows.
For x 6= y ∈ Nn, (x, y) ∈ An if 




y = x+ 1
or
y ≤ x− 2.

• For n ≥ 5, the tournament Qn is defined on Nn as follows.

Q[Nn−2] = Pn−2, Nn−2 → n, Nn−3 → n− 1 and n→ n− 1→ n− 2.

This theorem to describe the non {−2}-recognizable indecomposable tournaments by the following theorem.

Theorem 1. Let T be an indecomposable tournament with at least 14 vertices. T is not {−2}-recognizable if and only if
T or T ∗ is isomorphic to a tournament T ′ where T ′ is defined on Nn (n ≥ 14) and satisfies one of the following assertions.

1. T ′ − n = Qn−1 and :

N+
T ′(n) =





Nn−3 ∪ {n− 1}
or
Nn−5 ∪ {n− 1, n− 2}
or
Nn−5 ∪ {n− 1, n− 2, n− 3}.

30



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

2. T ′[X] = Qn−3 where X = Nn−3 and satisfying one of the following assertions.

H1 : n− 2 ∈ N+
T ′(X), n− 1 ∈ X−(n− 4), and





1. n ∈ X+(n− 4) andn− 2 −→ {n− 1, n}
or
2. n ∈ X(n− 4), n− 2 −→ n− 1 andn −→ {n− 1, n− 2}.

H2 : n− 2 ∈ X+(n− 3), n− 1 ∈ N−T ′(X), n ∈ N+
T ′(X) and n −→ n− 2 −→ n− 1.

H3 : n− 2 ∈ X+(n− 3), n− 1 ∈ N−T ′(X), and




1. n ∈ N+
T ′(X), n− 2 −→ {n− 1, n} andn −→ n− 1

or
2. n ∈ N−T ′(X) andn −→ n− 2 −→ n− 1 −→ n
or
3. n ∈ X+(n− 3), n− 2 −→ {n− 1, n} andn− 1 −→ n.

H4 : n− 2 ∈ X+(n− 3), n− 1 ∈ N+
T ′(X), and





1. n ∈ N+
T ′(X) andn −→ n− 1 −→ n− 2 −→ n

or
2. n ∈ N−T ′(X), n− 1 −→ {n, n− 2} andn −→ n− 2
or
3. n ∈ X+(n− 3) andn −→ n− 1 −→ n− 2 −→ n.

H5 : n− 2 ∈ X+(n− 3), n− 1 ∈ X(n− 4), and




1. n ∈ N−T ′(X) andn −→ n− 1 −→ n− 2 −→ n
or
2. n ∈ N+

T ′(X), n− 1 −→ {n, n− 2} andn −→ n− 2
or
3. n ∈ N+

T ′(X), n− 2 −→ n− 1 andn −→ {n− 1, n− 2}
or
4. n ∈ N+

T ′(X), n− 1 −→ {n− 2, n− 4} andn −→ {n− 1, n− 2}.
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[5] R. Fraı̈ssé, L’intervalle en théorie des relations, ses généralisations, filtre intervallaire et clôture d’une relation, in:
Orders, Description and Roles, M. Pouzet et D. Richard éd. North-Holland. (1984), pp. 313-342.
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Abstract

Several works for secure image encryption schemes are proposed in the literature based on different strate-
gies to deal with the challenge of fast and highly secure image cryptosystems suited in using for real-time
Internet image encryption and transmission applications. The intend of this paper is to highlight the most recent
and prevalent works based on chaos strategy toward image encryption schemes.

Key words: Cryptography, image encryption, chaotic systems, ergodicity, diffusion.

1. Introduction
Recently, and with the ever-increasing advancement and development of both computer science and Internet, the widened
use of multimedia data such as digital images take place in several applications as military, broadcasting, video-conferencing,
Telemedicines etc.. In the other hand, the demand of security, confidentiality and integrity toward images come quite natural
especially with the existing wired or wireless insecure transmission mediums/networks [10]. One given solution to the
aforementioned problems of image security is cryptography, the art of science that is actually considered as a branch of both
computer science and mathematics [11]. Due to the intrinsic features of digital images such as: large date size, bulk data
capacity, high redundancy and strong correlation between adjacent pixels that trace their difference from textual information
in encryption, several image encryption schemes are proposed in the literature based on different strategies among which
chaos based methods owing to the interesting relationship between chaos and cryptography in which many chaotic properties
as ergodicity and sensitivity to initial conditions and control parameters have their corresponding cryptographic properties of
confusion and diffusion respectively [12]. In this paper, the most recent and prevalent approaches based on chaos that adopt
Fridrich architecture[9] are analyzed, characterized and highlighted in section 2, conclusion is given in section 3.

2. Different strategies used in image encryption schemes
Image encryption is mainly divided into two groups according to the encryption scheme strategy used in designing the cryp-
tosystem. Firstly, the classical approaches which are based on the traditional encryption algorithms after their modifications
to cover the above-mentioned requirements of image encryption as [17], secondly, the non classical approaches based on
discrete dynamical systems and mathematical models as chaos strategy which is the focus of this paper.
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2.1. The chaotic strategy toward image encryption schemes

Since 1990s, chaos as a kind of discrete dynamical system and a mathematical model has been widely investigated as a new
strategy for designing image encryption schemes [8]. The dependency to initial conditions, control parameters and ergodicity
of its temporal evolution permit its direct connectivity to cryptographic properties of confusion and diffusion [7] and its use as
a base of new image cryptosystems. Fridrich in Ref [9], proposed that chaos based image encryption scheme should consist
of two stages: permutation and diffusion in which pixels are relocated using two dimensional chaotic map in the first stage,
then their values are changed sequentially using any discretized or continuous chaotic map in the second stage. 1 shows the
classical permutation-diffusion architecture of chaos-based image scheme. Based on this architecture which has an origin to
traditional confusion-diffusion architecture of Shannon[16], various works are proposed in the literature in which we put a
focus on the most recent/prevalent ones.

Figure 1: Classical architecture of chaos-based image encryption cryptosystems

Rather than the commonly use of permutation and diffusion as two separate stages in several existing image encryption
schemes, the proposition of an architecture combining these two stages by considering them as one phase is proposed by
Yong et al.[1], the main motivation of the authors is that the encryption speed and the efficiency will be improved since the
image-scanning for obtaining pixels values is done just once. At first, the plain-image is divided into 8× 8 pixels blocks and
after a spatiotemporal chaos which has attracted the interest of several researchers in the fields of mathematics, physics and
engineering is used to generate the pseudorandom sequence used in shuffling/diffusing the blocks simultaneously to obtain
the matching ciphered-image. Both theoretical analysis and experimental tests have been performed which reflect the high
security and time efficiency of the proposed scheme.
Despite of the commonly used permutation in chaos based approaches architecture at a pixel level by its consideration as
the smallest unit for image’s shuffling step , a bit level permutation is proposed by Zhi-liang et al.[2], by dividing the pixel
into a number of bits , on which bit-level operations are performed. The notable effect of this permutation is that not
only the locations of pixels are exchanged, but also the value of each pixel is modified making the achievement of both
confusion/diffusion possible in the permutation phase. It was shown that the higher 4 bits of a pixel carry 94.125 % of the
total information of the image whereas the lower 4 bits carry less than 6 %, by taking this result into account the authors
proposed in the permutation phase that the higher 4 bits were permuted individually while the remaining lower 4 ones are
relocated as a whole using cat chaotic map, in the diffusion phase, each pixel value is modified sequentially at the pixel level
using the output of the logistic map. The superior security and time efficiency of the work is shown comparing it with other
existing works.
An extension of the aforementioned work is suggested with the same authors[3], it is applied to an RGB image for one
round confusion-diffusion encryption. The work aimed to overcome the limitations of bit-level permutation in which the bit
distribution information in each bit plane still unchanged for that an expand-and-shrink strategy is employed to significantly
reduce the high correlation among the higher bit planes and to further smooth the changeable distributions in each bit plane
after the modification of each element of the expanded permuted plane is applied under the diffusion phase.
A novel image encryption scheme is proposed by Yushu et al.[4], it is based on confusion-diffusion architecture in where bit-
level permutation with random rotation matrix that relies on plain image are used in the confusion phase, a diffusion phase is
characterized by the adoption of a block diffusion to spread the influence of each bit in the plain image all over the ciphered
one, the scheme can be extended easily to be employed in parallel as there is no sequential mode between the encrypted
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blocks like the conventional diffusion operation mode. The scheme is also shown to have a satisfactory security performance
besides to its suitability for executing in parallel mode and noisy environment.
The main focus of the proposed work by Jun-xin et al.[5] is to improve the classical diffusion phase to further achieve the
same level of security under few numbers of rounds since this phase is featured by its highest cost in runtime over all the
cryptosystem. In this context, an improved diffusion scheme named continuous diffusion strategy is applied which contains
two relevant diffusion rounds in one overall round encryption, the scheme composed of a supplementary diffusion procedure
after the conventional one and the control parameters are modified by the cipher image after the first diffusion procedure, for
enhancing the confusion effect of the diffusion, a cyclic shift to cipher pixels is performed using stretched generated chaotic
key-stream. A high level of security and fast encryption speed were well clarified by the authors.
A combination of two existing one-dimensional (1D) chaotic maps is proposed by Yicong et al.[6] to overcome the security
weaknesses of many broken works under the non-resistance to chosen plaintext attacks besides to the known limitations of
1D chaotic maps. The scheme is able to produce many 1D chaotic maps with excellent chaotic features, by mean of the
large chaotic range and uniform distributed density function. Moreover, using the same set of keys with the same original
plain image in each time, the algorithm is able to generate a completely different, random, non-repeated and unpredictable
encrypted images, making the resistance to chosen-plaintext, data loss and noisy attacks possible in addition to the excellent
diffusion and confusion properties.
A novel symmetrical image encryption scheme is proposed by Guamin et al.[13]. It is based on the use of both skew tent map
and new chaos based line map that overcomes the limitation of image’s width is as equal as its height in the confusion phase,
the diffusion phase is characterized by the simple use of xor operation of both rows and columns using a generated sequence
in the previous step of skew tent map. The authors clarified the high security and speed performance of the proposed scheme
via the numerical simulations, the scheme is able to be implemented in parallel since no complex sub-block operation exists.
An RGB image encryption scheme based on the total plain image features is proposed by Murillo et al.[15]. One-round
permutation-diffusion is required to achieve a sufficient level of security, in this work an optimized pseudorandom sequence
from 1D logistic map is used based on the previous work of the authors[14], to overcome the drawbacks of one-dimensional
chaotic maps of discontinuous range, non-uniform data distribution etc., the generated sequence is based totally on the plain
image characteristics and the used external secret key to withstand the commonly used chosen/known plain-image attacks for
breaking cryptosystems. Numerical simulations were performed to demonstrate the effectiveness of the proposed scheme to
be used in practical applications.

3. Conclusion
Chaotic cryptography still be a source of new image encryption schemes due to some dynamical properties of chaotic systems
that can be utilized in achieving the cryptographic properties of good ciphers. The intend of the current paper is to put the
focus on the most important and prevalent existing works in the literature based on chaos strategy toward image encryption
schemes.In the other hand, and more recently DNA cryptography is one of the new attractive and promising direction of
research in cryptography that has come to light with the development of DNA computing, its combination with chaos theory
for designing cryptographic systems that benefit from both the goodness of each field have attracted the intention of many
researchers recently.
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Abstract

In their paper, Prodinger and Kiliç [1] give some binomial sums with complex coefficients. Kiliç and
Belbachir [2] extend their work and establish some generalized nested binomial sums. To do they compute the
generating functions of some sequences satisfying recurrence relations. In this work, we propose an unified
approach to merge some double sums given in [2]. We also obtain new results which regroup and generalize
some of them.
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1. Introduction
It is established in [2] the following results

Theorem 1. Let n and s be positive integers, and t and u any complex numbers. The generating function of the sequence{
A

(s)
n

}
defined by

A(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− sj
i

)
tiuj ,

is

A (z) =
∑

n

A(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uzs (1− tz)s .

Theorem 2. Let n and s be positive integers, and t and u any complex numbers. The generating function of the sequence{
B

(s)
n

}
defined by

B(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− j
i

)
tiuj ,
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is

B (z) =
∑

n

B(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uzs (1− tz) .

Theorem 3. Let n and s be positive integer, and t and u any complex numbers. The generating function of the sequence{
C

(s)
n

}
defined by

C(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− j
i− j

)
tiuj ,

is

C (z) =
∑

n

C(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + u) z)s − tuzs+1
.

Theorem 4. Let n and s be positive integers, and t and u any complex numbers. The generating function of the sequence{
D

(s)
n

}
defined by

D(s)
n (t, u) :=

∑

i,j

(
n

i+ j

)(
i

sj

)
tiuj ,

is

D (z) =
∑

n

D(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uts (1− z)s−1
zs+1

.

2. Main result
We propose to present an unified theorem for the cited ones in the introduction, and present some other corollaries on the
main theorem.

Theorem 5. Let n, s, α and β be positive integers, and t and u any complex numbers. The generating function of the
sequence

{
V

(s)
n

}
defined by

V (s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− αj
i− βj

)
tiuj ,

is

V (z) =
∑

n

V (s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uzs (1− tz)α−β (tz)β
.

Remark 1. Here are given some specializations

1. α = s and β = 0 give Theorem 1;

2. α = 1 and β = 0 give Theorem 2;

3. α = 1 and β = 1 give Theorem 3;

4. α = 0 and β = 1 permit to obtain Theorem 4 with an adequate change of variables.

Corollary 5.1. Let n, α and s be positive integers, and t and u any complex numbers. The generating function of the
sequence

{
Ω(s)
n

}
defined by

Ω(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− αj
i

)
tiuj ,

is

Ω (z) =
∑

n

Ω(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uzs (1− tz)α .
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Corollary 5.2. Let n and s be positive integers, and t and u any complex numbers. The generating function of the sequence{
Γ(s)
n

}
defined by

Γ(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− sj
i− sj

)
tiuj ,

is

Γ (z) =
∑

n

Γ(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uz2sts
.

Corollary 5.3. Let n, r and s be positive integers, and t and u any complex numbers. The generating function of the sequence{
Λ(s)
n

}
defined by

Λ(s)
n (t, u) :=

∑

i,j

(
n− i
sj

)(
n− rj
i− rj

)
tiuj ,

is

Λ (z) =
∑

n

Λ(s)
n zn =

(1− (1 + t) z)s−1

(1− (1 + t) z)s − uzs (tz)r
.
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Abstract

Let π (x) be the number of primes not exceeding x. We produce new explicit bounds for π(x) and we use
them to obtain a fine frame for the remainder term in the asymptotic formula of the sum

∑
2≤n≤x 1/π(n).

Key words: Explicit estimates, Prime numbers.

2010 Mathematics Subject Classification:11A41, 11Y60, 26D15, 40A25.

1. Introduction
The problem of finding asymptotic expansion for sums involving quotients of arithmetical functions has been investigated in
several papers, we quote here the first papers in this axe of De Koninck, Ivić and Erdös in [2-3] and [5], and recently the work
of De Koninck and Luca [4], which obtains an estimate for the sum of the reciprocals of the middle prime factor of a given
integer. In particular, the reciprocal of the prime counting function follows some steps and generate more auxiliary works.
The reader will find in [1] a good survey.
Let, as usual, π (x) be the number of primes not exceeding x and let us denote by SN (for N ≥ 2) a sequence involving the
reciprocal of the prime counting function defined by

SN =
∑

2≤n≤N

1
π (n)

− 1
2

log2N + logN + log logN.

At first, in 1980, De Koninck and Ivić in [3] showed that

∑

2≤n≤N

1
π (n)

=
1
2

log2N +O (logN) .

Shortly after, Ivić [7] expanded the above formula by proving the following result:
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Theorem 1 (A. Ivić). For any fixed integer m ≥ 2, we have
∑

2≤n≤N

1
π (n)

=
1
2

log2N − logN − log logN + C+

k2

logN
+ · · ·+ km

(m− 1) logm−1N
+O

(
1

logmN

)
,

where C is an absolute constant and {kn}n is the sequence of integers given by the recurrence relation:

k1 = 1, kn + 1!kn−1 + 2!kn−2 + · · ·+ (n− 1)!k1 = n · n! .

2. Main results
In this work, our interest is to determine a fairly accurate value of the constant C which appears in the Ivić’s result (see
Theorem1) and therefore of the limit of SN as N → ∞. Our idea is to study an explicit viewpoint the O-term of the
summatory function of the 1/π (n)-function i.e, to study

S(x) =
∑

2≤n≤x

1
π (n)

− 1
2

log2 x+ log x+ log log x.

A first approach is given by Hassani and Moshtagh in [6]. They obtain

α(x) ≤
∑

2≤n≤x

1
π (n)

− 1
2

log2 x+ log x ≤ β(x), ∀x ≥ 2,

with α(x) = −1.51 log log x+ 0.8994, β(x) = −0.79 log log x+ 6.4888, and conjecture based on numerical evidence that
C ≈ 6.9. Here, we propose to improve this last result. Our main theorem is the following

Theorem 2. For all x ≥ 150721071, we have

Clw +
6

10
√

log11 x
≤ S(x) ≤ 2

log x
+ Cup,

with Clw = 6.68400420 and Cup = 6.78291066.

The upper bound also holds for x ≥ 25555987. Using this result, we readily deduce a good estimate for the limit of
our sequence and the computations we ran lead us to believe that C ≈ 6.7. With this technique, obtaining more decimals is
closely linked with progress on the zero-free region of the Riemann zeta-function.
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Résumé
Étant donné un graphe G = (S,A), une partie X de S est un intervalle de G lorsque pour tous a,

b ∈ X et x ∈ S \X , {a, x} ∈ A si et seulement si {b, x} ∈ A. Par exemple, ∅, {x}(x ∈ S) et S sont
des intervalles deG, appelés intervalles triviaux. Un graphe dont tous ses intervalles sont triviaux, est
dit indécomposable ; sinon, il est décomposable. On dit qu’un graphe G abrite un graphe G′ si G′ est
isomorphe à un sous-graphe de G. Nous classifions les graphes indécomposables à partir de graphes
indécomposables à 7 ou à 8 sommets qu’ils abritent.
Mots clés : Graphes, indécomposable, intervalle, critique, abritement.

Key words : Graphes, indécomposable, intervalle, critique, abritement.
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1. Introduction
1.1. Définitions

Un graphe (ou graphe simple) G = (S,A) est constitué d’un ensemble fini S (noté aussi S(G)) de sommets
de G et d’un ensemble A de paires de sommets distincts, appelées les arêtes de G (noté aussi A(G)). Pour deux
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sommets distincts x et y d’un grapheG la notion x y (resp. x . . . y), signifie que {x, y} ∈ A (resp. {x, y} /∈ A).
Pour toute partie X de S, on appelle sous-graphe de G induit par X , le sous-graphe G[X] = (X,A ∩ P2(X)).
Étant donné deux graphes G = (S,A) et G′ = (S′, A′), un isomorphisme de G sur G′ est une bijection f de
S sur S′ vérifiant : pour tous x 6= y ∈ S, {x, y} ∈ A si et seulement si {f(x), f(y)} ∈ A′. Lorsqu’un tel
isomorphisme existe, on dit que G et G′ sont isomorphes et on note G ' G′. On dit que G abrite G′ si G′ est
isomorphe à un sous-graphe de G. Le graphe complémentaire d’un graphe G = (S,A) est le graphe G = (S,A)
où A = {{x, y} ∈ P2(S); {x, y} /∈ A}.

1.2. Graphes indécomposables

Étant donné un graphe G = (S,A), une partie X de S est un intervalle [6, 7, 10] de G lorsque pour tous a,
b ∈ X et x ∈ S \X , {a, x} ∈ A si et seulement si {b, x} ∈ A. Par exemple, ∅, {x}(x ∈ S) et S sont des intervalles
deG, appelés intervalles triviaux. Un graphe dont tous ses intervalles sont triviaux, est dit indécomposable [8, 10] ;
sinon, il est décomposable. Un sommet x d’un graphe indécomposable G est dit critique si le sous-graphe G[S \
{x}] est décomposable. Un graphe indécomposable G est dit critique si tous ses sommets sont critiques. On
généralise cette définition, en disant qu’un graphe G est (−k)-critique lorsqu’il admet exactement k sommets non
critiques (où k ≥ 1 ). Un graphe est dit (−1)-critique en a si a est l’unique sommet non critique de G.

Afin de rappeler la caractérisation des graphes critiques, nous introduisons pour n ≥ 1, le graphe G2n définie
sur ({0, . . . , 2n − 1}) comme suit : pour tous i 6= j ∈ {0, . . . , 2n − 1}, {i, j} ∈ A(G2n) s’il existe k ≤ l avec
l ∈ {0, . . . , n− 1} tel que {i, j} = {2k, 2l + 1}.

Théorème 1.1. (Schmerl and Trotter[10])
Soit G = (V,E) un graphe indécomposable. G est critique si et seulement si G est isomorphe à G2n ou à G2n tel
que n ≥ 2.

Suite à cette étude, Houmem. Belkhechine, Imed. Boudabbous et Mohamed. Baka Elayech [1] ont caractérisé,
en 2010 les graphes (−1)-critiques. Il est à noter que la morphologie des graphes (−1)-critiques est difficile à
décrire.

2. Présentation des résultats
Les dernières années, le concept d’indécomposabilité est devenu fondamental dans l’étude des structures finies.

Ce concept et d’autres notions voisines ont fait l’objet de plusieurs articles, par exemple, voir ( [3], [4], [5], [9]).
En 2012, M. Chudnovsky et P. Seymour [4] ont présenté une méthode de construction des graphes indécomposables
à partir des sous-graphes indécomposables qu’ils abritent.
Dans cette étude, nous présentons une autre caractérisation des graphes critiques et des graphes (−1)-critiques
et nous classifions les graphes indécomposables à partir des graphes indécomposables à 7 ou à 8 sommets qu’ils
abritent. Il est à noter qu’une étude analogue dans le cas des "tournois" a été faite, en 2015, par Imed. Boudabbous
[2].

Théorème 2.1.
Soit G = (S,A) un graphe indécomposable d’au moins 8 sommets.

1. G est critique si et seulement si sur chaque ensemble de sommets à 5 éléments le graphe induit est décom-
posable.

2. Si G n’est pas critique. Posons k = { 7, si |S| est pair ;
8, si |S| est impair.

2.1. G est (−1)-critique en a si et seulement si sur chaque ensemble de sommets à k éléments contenant a,
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le graphe induit est décomposable.

2.2. G n’est pas (−1)-critique si et seulement pour tout sommet x il existe un ensemble de sommets à k
éléments contenant x sur lequel le graphe induit est indécomposable.

Nous montrons en construisant des exemples que la valeur k dans le théorème 2.1 est optimale.
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Abstract

Given a digraph G = (V,E), with each nonempty subset X of V , we associate the subdigraph G[X] =
(X,E ∩ (X × X)) of G induced by X . Two digraphs G = (V,E) and G′ = (V,E′) are hemimorphic if
G′ is isomorphic to G or to G? = (V, {(x, y) : (y, x) ∈ E}). The digraphs are {−k}-hemimorphic if for all
(|V | − k)-element subset K of V , G[K] and G′[K] are hemimorphic. The digraphs G and G′ are hereditarily
hemimorphic if for all subset X of V , G[X] and G′[X] are hemimorphic. In this work we prove: two {−k}-
hemimorphic digraphs, on at least k+12 vertices, are hereditarily hemimorphic for every k ≥ 8. The particular
case of tournaments was obtained by M. Bouaziz, Y. Boudabbous and N. El Amri in 2011.

Key words: Digraph, tournament, hereditarily hemimorphy, reconstruction.
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1. Introduction
A directed graph or simply digraphG consists of a finite nonempty set V (G) and an arc setE(G), where an arc is an ordered
pair of distinct vertices. Such a digraph is denoted by (V (G), E(G)) or simply by (V,E). Given a digraph G = (V,E), with
each nonempty subset X of V , we associate the subdigraph G[X] = (X,E ∩ (X ×X)) of G induced by X . Given a proper
subset X of V , G[V −X] is also denoted by G−X and G− x whenever X = {x}.

Given a digraph G = (V,E), for x 6= y ∈ V , x −→G y or y ←−G x means (x, y) ∈ E and (y, x) /∈ E, x
G
y means

(x, y) ∈ E, (y, x) ∈ E and x · · ·G y means (x, y) /∈ E, (y, x) /∈ E. Say x and y of G form a directed pair or an oriented
pair if either x −→G y or y −→G x; otherwise, they form a neutral pair; {x, y} is full if x

G
y, and void if x . . .G y. For

x ∈ V and for Y ⊆ V , x −→G Y signifies that for every y ∈ Y , x −→G y. For X,Y ⊆ V , X −→G Y signifies that for
every x ∈ X , x −→G Y . For x ∈ V and for X,Y ⊆ V , x←−G Y , x

G
Y , x · · ·G Y , X

G
Y , X · · ·G Y are defined in

the same way.
A digraph T = (V,E) is a tournament if for all x 6= y ∈ V , either x −→T y or y −→T x. A tournament T is a total

order or a chain provided that for x, y, z ∈ V (T ), if x −→T y and y −→T z, then x −→T z. Given a total orderO = (V,E),
x < y means x −→O y for x, y ∈ V .
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Given a digraph G = (V,E), a subset I of V is an interval of G if for any x ∈ V − I , x −→G I or x ←−G I or
x

G
I or x . . .G I . For instance, the empty set, the singletons of V and the set V are intervals of G, called trivial intervals.

A digraph is indecomposable if all its intervals are trivial, otherwise it is decomposable.
Given two digraphs G = (V,E) and G′ = (V ′, E′), a bijection f from V onto V ′ is an isomorphism from G onto G′

provided that for any x, y ∈ V , (x, y) ∈ E if and only if (f(x), f(y)) ∈ E′. The digraphs G and G′ are then isomorphic,
which is denoted by G ' G′, if there exists an isomorphism from G onto G′. If G and G′ are not isomorphic, we write
G 6' G′. For instance, a digraph H embeds into a digraph G if H is isomorphic to a subdigraph of G. With each digraph
G = (V,E) associate its dual G? = (V,E?) defined as follows. Given x 6= y ∈ V , (x, y) ∈ E? if (y, x) ∈ E. Two digraphs
G and G′ are hemimorphic, if G′ is isomorphic to G or to G?. A digraph is said to be self dual if it is isomorphic to its dual.

Given two digraphs G and G′ on the same vertex set V , consider an integer k such that 0 ≤ k ≤ |V | = v. The digraphs
G′ and G are {k}-hypomorphic (resp. {k}-hemimorphic) whenever for every K ⊆ V with |K| = k, the subdigraphs G′[K]
and G[K] are isomorphic (resp. hemimorphic). G′ and G are {−k}-hypomorphic (resp. {−k}-hemimorphic) whenever
G′ and G are {v − k}-hypomorphic (resp. {v − k}-hemimorphic). Notice that G and G′ are trivially {0}-hypomorphic,
however G and G′ are {−0}-hypomorphic if and only if they are isomorphic. A digraph is {k}-self dual (resp. {−k}-self
dual) if it is {k}-hypomorphic (resp. {−k}-hypomorphic) to its dual. Given two integers p and q such that 0 < |p|, |q| ≤ v,
G and G′ are {p, q}-hypomorphic (resp. {p, q}-hemimorphic) if they are {p}-hypomorphic and {q}-hypomorphic (resp.
{p}-hemimorphic and {q}-hemimorphic). The notation is extended to (≤ k)-hypomorphic (resp. (≤ k)-hemimorphic) if
they are {p}-hypomorphic (resp. {p}-hemimorphic) for p ∈ {1, 2, ..., k}. A digraph is {p, q}-self dual (resp. (≤ k)-self
dual) if it is {p, q}-hypomorphic (resp. (≤ k)-hypomorphic) to its dual. A digraph G is {k}-reconstructible (resp. {k}-
half-reconstructible) if any digraph {k}-hypomorphic (resp. {k}-hemimorphic) to G is isomorphic (resp. hemimorphic)
to it. Similarly, we denote the {−k}-reconstructible, {p, q}-reconstructible, (≤ k)-reconstructible, likewise for the half-
reconstruction. Finally,G andG′ are hereditarily isomorphic (resp. hereditarily hemimorphic) if they are (≤ v)-hypomorphic
(resp. (≤ v)-hemimorphic), i.e. if G[X] is hypomorphic (resp. hemimorphic) to G′[X] for all X ⊆ V . A digraph is
hereditarily self dual if it is hereditarily isomorphic to its dual.

The problem of (≤ k)-reconstruction was introduced by R. Fraı̈ssé in 1970 [7]. In 1972, G. Lopez [9, 10] proved that:

Theorem 1. [9, 10] The digraphs on at least 6 vertices are (≤ 6)-reconstructible (i. e. if G and G′ are (≤ 6)-hypomorphic
digraphs then G′ and G are isomorphic).

In 2015, using Theorem 1, J. Dammak and R. Salem proved that:

Corollary 1.1. [6] Let G and G′ be two digraphs on at least 6 vertices.

1. If G and G′ are (≤ 6)-hypomorphic, then G′ and G are hereditarily isomorphic.

2. If for every C ∈ DG,G′ satisfying C is an interval of G and G′, G′[C] and G[C] are hereditarily isomorphic, then G
and G′ are hereditarily isomorphic.

Given a digraph G with a non-self dual subdigraph, Cdual(G) denotes the smallest cardinality of a non-self dual subdi-
graph of G. Applying Theorem 1 to G′ = G?, the digraph G embeds a non-self dual subdigraph with at most 6 vertices.
So, as all digraphs on at most 2 vertices are self dual, 3 ≤ Cdual(G) ≤ 6. In the case where G has no non-self dual finite
subdigraph, we convene Cdual(G) = ∞. G. Lopez and C. Rauzy [12] proved that: the digraphs on at least 7 vertices are
{4,−1}-reconstructible. So, we deduce:

Corollary 1.2. [6] Given an integer k ≥ 1, the digraphs on at least k + 6 vertices are {4,−k}-reconstructible.

The following two notions play an important role in this paper. Given two (≤ 2)-hypomorphic digraphs G = (V,E) and
G′ = (V,E′), denote DG,G′ the equivalence relation on V defined as follows. For every x ∈ V , xDG,G′x and for every
x 6= y ∈ V , xDG,G′y if there are vertices x0 = x, ..., xn = y such that (xi, xi+1) ∈ E if and only if (xi, xi+1) /∈ E′, for
every i ∈ {0, ..., n − 1}. The relation DG,G′ is called the difference relation of G and G′, its classes are called difference
classes. The set of difference classes of G and G′ is denoted by DG,G′ .

Given a digraph G = (V,E), we define an equivalence relation C on V in the following way. For every x ∈ V , xCx
and for every x 6= y ∈ V , xCy if there are vertices x0 = x, ..., xn = y such that xi −→G xi+1 or xi ←−G xi+1, for every
i ∈ {0, ..., n− 1}. The equivalence classes of C are called arc-connected components of G. A digraph is arc-connected if V
is the unique arc-connected component. The set of the arc-connected components of G is denote by ρ(G).
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2. Main results
In this work, first, we prove:

Theorem 2. Given an integer k ≥ 7, consider two (≤ k)-hemimorphic digraphs G and G′ on the same vertex set V . Let I0
be a subset of V such that |I0| = Cdual(G) and G[I0] is non-self dual.

1. Let C ∈ DG,G′ . If C /∈ ρ(G), then C is an interval of G and G′, and G′[C] and G[C] are hereditarily isomorphic.

2. If G′[I0] ' G[I0] and, (k ≥ 8) or (k = 7 and Cdual(G) 6= 4), we have:

(a) For every C ∈ DG,G′ , C is an interval of G and G′, and G′[C] and G[C] are (≤ 4)-hypomorphic.

(b) If for every C ∈ DG,G′ and for every A ⊂ C with |A| ≤ 3 we have G′[C − A] and G[C − A] are isomorphic,
then G′ and G are hereditarily isomorphic.

In 2011, M. Bouaziz, Y. Boudabbous and N. El Amri [1] proved that two {−k}-hemimorphic tournaments, on at least
k+ 7 vertices, are hereditarily hemimorphic for every k ≥ 5. We give a generalization of the previous work [1] for digraphs,
for k ≥ 8. Our main result is:

Theorem 3. Given an integer k ≥ 7, consider two {−k}-hemimorphic digraphs G and G′ on at least k + 12 vertices. If
k ≥ 8 or (k = 7 and Cdual(G) 6= 4), then G′ and G are hereditarily hemimorphic.

Finally, we set the following conjecture.

Conjecture 1. two {−7}-hemimorphic digraphs on at least 19 vertices, are hereditarily hemimorphic.
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Abstract

Audio secret sharing is a cryptography technique whose decryption can be done by human ears. Audio
secret sharing suffers from the problem of expanded shares just like visual secret sharing. In this paper we
profit from the nice features that offers Wang et al.s image secret sharing scheme, one of the most cited paper
that overcomes the main drawback of traditional visual cryptography by using simple XOR operation in the
decryption process, and apply its (n,n) threshold scheme for sharing audible secret password.

Key words: audio secret sharing; expanded shares; XOR Boolean operation.

1. Introduction
The number of multimedia data exchanged over the Internet is increasing day after day, that’s way it becomes very important
to protect sensitive data from illegitimate person. Traditional techniques of cryptography and secret sharing use computational
device to decrypt secret data, this last is not very practical in the case where computer is not available, thats way two important
cryptographic techniques that can decode secret data using human senses attract attention of searchers in the recent years,
which are: visual secret sharing (VSS) and audio secret sharing (ASS). In 1994, Naor and Shamir introduced an innovative
type of cryptography which called Visual cryptography or VC [1]. VC purposes to protect secret image and sharing it at the
same time. To encrypt secret image the dealer divide it into n random images called shares or shadows, the secret can be
revealed when k,2 ≤ k ≤ n shares are stacked together, if k-1 number of shares are stacked together, no information can
be given about the secret image. this is known as the threshold mechanism. The main advantage of VSS is situated in its
decryption process that can be done using the human visual system without using any computational tools. Another type of
cryptography technique called audio secret sharing (ASS) introduced by Desmedt et al in 1998 [2], in which the encryption
process is done in the same way as the conventional VC, but the secret data and/or shares are sound waves and the decryption
process can be done by human ears unlike VC. One of the main parameter that would be respected in both of VSS and ASS to
get an ideal scheme is the unexpanded shares (fixed in term of size), but unfortunately the problem of expanded shares exists
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in these two type of cryptography cited above: Traditional VC suffers from the problem of pixel expansion ( the number of
encoded pixels in each share m) that affect both of the size of shares and the reconstructed secret image in term of size, more
the number of encoded pixels increases, more the quality of the reconstructed image decreases, also the size of recovered
image will be m times big than the original secret image which influence on cost and memory storage. To overcome this
critical issue many works have been developed schemes searching to enhance the quality of reconstructed image by reducing
the number of pixel expansion to one m = 1, using the concept of probability [3-4], random grid [5-6] and XOR-based
[7-8]. In the other hand: the issue of expanded shares exists also in ASS. unlike VSS where the dealer expands the number
of pixels in each share, in ASS the dealer expands the number of beeps in each share which affects the size of shares and
the reconstructed secret audio. In order to overcome the problem of expanded shares and get an ideal scheme: Lin et al. [9],
Ehdaie et al. [10] and Patil et al. [11] proposed audio secret schemes with unexpanded shares. In this paper we choose one of
the most cited article in VSS that solves the problem of pixel expansion, just by using simple XOR Boolean operation in the
decryption process and apply its (n,n) threshold scheme to share secret audible password between n number of participants.
knowing that XOR operation is widely used in many cryptosystem because of its simplicity in term of computation and
efficacy in term of encryption. The rest of this paper is organized as follow: in section two we present the modified Wang et
al.s scheme for ASS [12], then in section three we show our experimental results, finally we give a conclusion.

2. Application of Wang et al scheme for secret audio scheme
Wang et al.s secret image sharing scheme [12] is based on XOR Boolean algebra in the decryption process. Before applying
Wang et al.s scheme for sharing secret audio, we have to preprocess the secret audio (.wav), firstly we quantize the secret
wave file in order to divide it into equal intervals of eight bits using this formula:

Q = SecretAudio−Min(SecretAudio)/(Max(SecretAudio)−Max(SecretAudio)). (1)

Where: Min and Max represent the minimum and maximum value of secret audio respectively, then we round the quantized
secret audio to the nearest integer, then instead of using random images to construct shares we use audio data to create shares,
the size of secret is the same as the shares.

Wang et al.s Algorithm for secret images:

Input: secret password S, and an integer n2,
Output: n share shadows T1, . . . , Tn.
Phase one: quantization of the secret signal using the well-known linear quantizer: Quantized secret password= (Q-Min(Q) /
(Max(Q)-Min(Q)))

Phase two: Audio share construction:
1)generate n 1 random matrices B1, . . . , Bn − 1,

2) compute n audio shadows:
T1=B1,
T2 = B1 ⊕B2,
Tn − 1 = Bn − 2⊕Bn − 1,
Tn = Bn − 1⊕A
Phase three: reconstruction of the secret audio S:
S = T1 ⊕ T2 ⊕ ...⊕ T2

3. Main results
The experimental results of the use of Wang et al.s algorithm are shown in figure 1, 2, 3 and 4: in figure 1 the secret audio
is presented, however, in figure two and three the audio shares are generated by the above mentioned algorithm, and finally
the revealed secret audio is shown in figure 4 when all shares are played simultaneously, these results have been implemented
using Matlab2013. Thanks to Peak Signal to Noise Ratio (PSNR) we measure the similarity between the secret audio and
the reconstructed secret audio, high value of PSNR indicates that the reconstructed signal has a good quality, giving that:
PSNR = 20∗ log10(MAX2/MSE) (1) Where: MSE is the mean squared error between the secret audio and reconstructed
audio, however MAX is the maximum value of signal, note that MAX value equals to 255 in our case. By using equation
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(1) we find that: PSNR=Infinity, which interprets that the revealed secret audio has reconstructed with high quality without
any distortion. As for statistical similarities: we calculate the correlation between the two signals, thus we find its value 1
which means that secret audio has a strong correlation with the reconstructed secret audio, hence no information losses in
the reconstructed secret audio. The able below gives a comparison between Wang et al. for ASS scheme and others ASS
schemes.

Year Authors Schemes Shares Decryption Secret
1998 Desmedt et al. [2] (2,n) Expanded HAS Bit string
2005 Ehdaie et al. [8] (k,n) Unexpanded HAS Audio
2012 Yoshida et al. [13] (n,n) Expanded HAS Audio
2014 Abukari et al.[14] (k,n) Expanded Computer Audio
2015 Pati et al. [9] (k,n) Reduced Computer Audio
2015 Wang et al. [12] for ASS (n,n) Enexpanded Computer Audio

Figure 1: Secret audio Figure 2: the first share

Figure 3: Lgende Figure 4: Reconstructed secret audio
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4. Conclusion
In some cases we need to share not only visual information like text, image, but also audible secret, hence the development
of audio secret sharing schemes, however sharing audio secret between participants is very important in some applications
like in military, banks In this paper we have chosen Wang and al.s algorithm which offers good properties mention: 1) getting
rid of the weakness of Naor and Shamirs scheme by reducing the number of pixel expansion to one, hence we can apply
its scheme to solve the same problem in ASS. 2) the use of Boolean simple XOR operation in the decryption process, the
experimental results show that this algorithm is perfectly applicable for audio data, the reconstructed secret audio is perfectly
recovered with high quality, so we conclude that Wang et al.s scheme is audiovisual secret sharing which means that their
scheme is available to share both of secret images and secret audio.
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Abstract

Let τ be a topology on the finite set Xn. We consider the open-set polynomial associated with the topology
τ . Its coefficients are the cardinalities of sets Oj = Oj(τ) of open sets of size j = 0, . . . , n.
J. Brown asked when this polynomial has only real zeros. We prove that this polynomial has only real zeros
only in the trivial case where τ is the discrete topology. Then, we weaken Brown’s question: for which topology
is this polynomial log–concave, or at least unimodal? A partial answer is given. More specifically, we prove
that if the topology has a large number of open sets, its open polynomial is unimodal.

Key words: open-set polynomial, log–concave sequence, polynomial with real zeros,topology, unimodal sequence.

2010 Mathematics Subject Classification: Primary 11B39; Secondary 11B75.

1. Introduction
A topology τ ⊆ P(X) on a set X is a family of subsets (called open sets) containing X, φ, and is closed under union and
finite intersection. A base or a basis for τ is subset of τ , such that each open set is a union of members of the basis. Let T (n)
be the total number of topologies one can define on a finite set X = Xn of cardinality n. Little is known about this sequence;
in fact, T (n) is known just for n ≤ 18.

Finite topologies are associated with digraphs [6, 10]. Another important topic linked to finite topologies is that of
preorders (or quasiorders) which are reflexive and transitive relations. The one-to-one correspondence between topologies
and quasiorders was already observed in the 30’s of the last century by Alexandroff [1] . In this correspondence, the T0

topologies correspond to the orders (that is, antisymmetric quasiorders). Recall that a topology is T0 if, for every x 6= y, there
is an open set containing exactly one of them.

Recall also that, as a topology can be viewed as a graph [6], polynomials are powerful tools to study graphs. The oldest
one related to graphs is certainly the chromatic polynomial investigate the four-colour problem.

We say that a polynomial has a certain property if its coefficients do have this property. For example, a polynomial of
degree n is said to be symmetric or palindromic if ak = an−k holds for every 1 ≤ k ≤

⌊
n
2

⌋
.

The independence polynomial of a graph, I(G, x), was introduced by Gutman and Harary [7], its coefficients ak are
the numbers of stable sets (sets of pairwise nonadjacent vertices) having cardinality k. A famous conjecture stated that the
independence polynomial of any tree is unimodal (the sequence of its coefficients first is increasing, then decreasing). For
chemical purposes, Hosoya [8] defined a polynomial H(G, x), now known as Hosoya polynomial as follows: the coefficient
ak of the Hosoya polynomial is the number of pairs of vertices whose distance is k, 1 ≤ k ≤ d, where d is the diameter of the
graph. The value H ′(G, 1) = W (G), is the famous Weiner index, an important chemical invariant. All of these polynomials
as well as their roots supply a lot of information about the graph itself.
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In this paper, we consider the open-set polynomial P (τ, x) of a topology τ defined on a finite set X . Its coefficients
are the number of open sets of cardinality k, 0 ≤ k ≤ n, or, which is the same, the number of ideals of the corresponding
quasiorder of cardinality k. The polynomials I(G, x) and P (τ, x) are related by I(G, 1) = P (τ, 1).This relationship between
I(G, x) and P (τ, x) shows that the open-set polynomial is yet another one of these graph-counting polynomials.

In this talk, we will answer Brown’s question: which open-set polynomials have only real zeros? We then consider a
weaker question than Brown’s, namely, which open-set polynomials are log-concave or at least unimodal? A partial answer
is given to this question by proving that unimodality is guaranteed in case the topology has a large number of open sets. We
end the paper by some open questions concerning the open-set polynomials.

2. Preliminaries
In this section, we recall some definitions and results concerning the partitions, finite topologies, as well as the notions of
unimodality and log concavity of real sequences.

Definition 1. A partition topology τ on X , is a topology that is induced by a partition of X .

For example the topology τ = {φ, {a, b}, {c, d}, {e}, {a, b , c, d}, {a, b , e}, {c, d , e}, X} on X =
{a, b , c, d, e} is induced by the partition π = ({a, b}, {c, d}, {e}).
Let τ be a topology on Xn. Let us designate by uj the number of open sets in τ having cardinality j, and consider the

polynomial P (x) = P (τ, x) =
n∑

j=0

ujx
j , called the open–set polynomial of τ . J. Brown [4] raised the following question:

When are all of the roots of an open-set polynomial real?
In the next section, we answer this question. Before doing this, we recall some facts about polynomials and log–concave
sequences. A real positive sequence (aj)nj=0 is said to be unimodal , if there exist integers k0, k1, k0 ≤ k1,( integers
k0 ≤ j ≤ k1 are the modes of the sequence) such that

a0 ≤ a1 ≤ . . . < ak0 = ak0+1 = . . . = ak1 > ak1+1 ≥ . . . ≥ an.

It is log-concave if a2
j ≥ aj−1aj+1, for 1 ≤ j ≤ n − 1. A real sequence (aj)nj=0 is said to be with no internal zeros (NIZ),

if i < j, ai 6= 0, aj 6= 0 then al 6= 0 for every l, i ≤ l ≤ j. A (NIZ) log-concave sequence is obviously unimodal, but
the converse is not true. The sequence 1, 1, 4, 5, 4, 2,1 is unimodal but not log-concave. Note the importance of (NIZ):
the sequence 0, 1, 0, 0, 2, 1 is log-concave but not unimodal. A real polynomial is unimodal (log-concave, symmetric,
respectively) provided that the sequence of its coefficients is unimodal (log-concave, symmetric, respectively).
If inequalities in the log-concavity definition are strict, then the sequence is called strictly log-concave (SLC for short), and
in this case, it has at most two consecutive modes. The following result may be helpful in proving unimodality:

Theorem 2. If the polynomial
n∑

j=0

ajx
j associated with the sequence (aj)nj=0 has only real zeros then

a2
j ≥

j + 1
j

n− j + 1
n− j aj−1aj+1, for 1 ≤ j ≤ n− 1 (1)

3. The roots of the open-set polynomial are not real
The main result

Theorem 3. The open-set polynomial
n∑

j=0

ujx
j has only real zeros if and only if τ is the discrete topology on Xn.

The natural question after this last result is a weak version of Brown’s question:

Which topologies have their open-set polynomials log-concave or at least unimodal ?
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4. A Class of unimodal open polynomials
Intuitively, the open-set polynomial will be unimodal, if the topology has a large number of open sets (so, a large number of
open sets which are singletons, this means that the topology looks like the discrete one). In this section, we will determine
explicitly the open-set polynomials of a class of topologies having a large number of open sets (τ is such that |τ | ≥ 6 · 2n−4

and another case where |τ | ≥ 5 · 2n−4). The unimodality of these polynomials is also proved.
The symbol Xk will designate any finite set of cardinality k. If we consider a subset of Xn of cardinality k ≤ n − 1,
the elements of Xn \ Xk will be designated by a, b, c, ..., or y1, y2, ..., if the set is large, those of Xk are denoted by
x1, x2, x3, ...
Consider the set τ(n, k) of the topologies having k open sets. In order to compute its cardinality, Kolli [9] divided it into two
disjoint subsets :

τ1(n, k) = {τ ∈ τ(n, k) :
⋂

U∈τ
U 6= φ, U nonempty set}

and τ2(n, k) = τ(n, k)− τ1(n, k).

This means that τ1(n, k) is the set of topologies with k open sets having one minimal open set, while τ2(n, k) is the set of
topologies with k open sets having at least two minimal open sets. Before starting the computations, let us make the following
convention. If τ1 is a topology on a Xj ⊆ Xn , by τ = τ1 ] {A, B, C, ..., }, we mean the topology τ on Xn obtained by
adding or adjoining the sets A, B, C, ..., as well as all their intersections and unions with each other and with the elements
of τ1.

For τ ∈ τ1(n, k) and k ≥ 5.2n−4, all open-set polynomials are given in the following theorem.

Theorem 4. Let τ ∈ τ1(n, k) with k ≥ 5 · 2n−4 open sets. Then the open polynomial of τ is one of the three

P1(x) = x(x+ 1)n−1 + 1
P2(x) = x2(x+ 1)n−2 + x(x+ 1)n−3 + 1
P3(x) = x3(x+ 1)n−3 + 2x2(1 + x)n−4 + x(1 + x)n−4 + 1.

The remaining of the paper is devoted to the determination of the open-set polynomials of the topologies in the set
τ2(n, k) and k ≥ 6 · 2n−4. We prove

Theorem 5. If τ is a topology on the set Xn, such that |τ | ≥ 6 · 2n−4, then its open-set polynomial is unimodal.
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We analyze some generalization directions of Pascal triangle.
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1. Introduction
The elements

(
n
k

)
of the Pascal triangle represent the coefficients of xn−kyk (0 ≤ k ≤ n) in the expansion of the polynomial

(x+ y)n, therefore they are called binomial coefficients. It is known that
(
n

k

)
=

n!
k! · (n− k)!

, (0 ≤ k ≤ n) (1)

gives the number of ways of choosing k (or n − k) objects out of n distinguishable objects. Formula (1) or its combina-
torial interpretation provides generalization possibilities of the Pascal triangle. Note that Pascal himself called the object
arithmetical triangle.

2. Main results
Now we build up a sort of Generalized Arithmetical Triangle (in short GAT, see Figure 1) which is structurally identical with
the regular Pascal triangle. It resembles Ensley’s GAT [3], but here we allow a0 6= b0 in the generator sequences, further we
also vary the rule of addition.

Let {an}∞n=0 ∈ R∞ and {bn}∞n=0 ∈ R∞ be two real sequences called generator sequences, further let A, B ∈ R. This

GAT contains also rows numbered by 0, 1, 2, . . . such that the nth row possesses the elements
〈
n
k

〉
in the positions (say

columns) k = 0, 1, . . . , n as follows.

Let
〈

0
0

〉
be arbitrary denoted by Ω, for positive integer n put

〈
n
0

〉
:= Anan and

〈
n
n

〉
:= Bnbn, further for

n ≥ 2 and 1 ≤ k ≤ n− 1 let 〈
n
k

〉
:= B

〈
n− 1
k − 1

〉
+A

〈
n− 1
k

〉
. (2)
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Figure 1: GAT

Clearly, a GAT depends only on the generator sequences {an}, {bn} and on the real numbers A, B.

Since the definition of GAT is recursive, the aim is arising naturally to give a direct formula for the elements
〈
n
k

〉
by

the terms of the sequences {an}, {bn} and by the values A, B. Theorem 1 admits such a formula, where an extensions of
binomial coefficients (1) to the whole lattice of integer vectors is provided by the Gamma function as follows. Put

(
n

k

)

Γ

= lim
n1 → n
k1 → k

Γ(n1 + 1)
Γ(k1 + 1) · Γ(n1 − k1 + 1)

.

Theorem 1. Given {an}, {bn}, A, B. Then for any positive integer n and for any non-negative integer k ≤ n we have

〈
n
k

〉
= An−kBk




n−k−1∑

i=0

(
n− 2− i
k − 1

)

Γ

ai+1 +
k−1∑

j=0

(
n− 2− j
k − 1− j

)

Γ

bj+1


 . (3)

The main difficulty in the evaluation of the formula is the two sums in Theorem 1, since no general treatment for arbitrary
sequences {an}, {bn}. Hence one must consider specific cases. The next frame collects some relevant Pascal type triangles
(or arrays) have been already studied. Apart from the last case we assume A = B = 1.

{an} {bn} Reference

1 1 Pascal Triangle (PT)

2 1 Hosoya [4] (Asymmetrical PT)

arbitrary arbitrary Ensley [3] (GAT)

Fn+1 Fn+1 Ensley [3] (shifted Fibonacci Triangle)

0 1
n Dil – Mező [1] (Hyperharmonic numbers)

0 Fn Dil – Mező [1] (Hyper-Fibonacci numbers)

F2n−1 Fn−1 Dil – Mező [1]

a b Belbachir – Szalay [2]

Here we grab out one example, namely the Fibonacci triangle (see Figure 2), which was essentially introduced by Ensley
[3] (he took an = bn = Fn+1).

The triangle now is generated by an = bn = Fn, and the result is the following.
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Figure 2: Fibonacci triangle

Theorem 2. 〈
n
k

〉

Fn

= Fn+k − qk(n), (4)

where

qk(x) = 2
bk/2c∑

j=0

(
x

k − 2j

)
F2j (5)

is a rational polynomial of degree k − 2 if k ≥ 2, and q0(x) = q1(x) = 0.

In the next table we give the first few polynomials qk(x) explicitly.

q0(x) = 0,
q1(x) = 0,
q2(x) = 2,
q3(x) = 2x,
q4(x) = x2 − x+ 6,

q5(x) =
1
3

(x3 − 3x2 + 20x),

q6(x) =
1
12

(x4 − 6x3 + 47x2 − 42x+ 192).
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Abstract

We extend the q-analogue of the Chu-Vandermonde identity to general Chu-Vandermonde identity associ-
ated to the bisnomial coefficients. We also give the corresponding p, q-analogue.

Key words: Gaussian polynomials, recursions, generating function.
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1. Introduction
One of the most important relations satisfied by the binomial coefficients is the Chu-Vandermonde identity

(
n+m

k

)
=

k∑

j=0

(
n

j

)(
m

k − j

)
.

This identity has a q-analogue satisfying by the q-binomial coefficients introduced by Gauss, and has a p, q-analogue
version, see [2].

Our aim is to extend the Chu-Vandermonde identity to a q-deformation of the generalized Chu-Vandermonde identity
according to the q-bisnomial coefficients given in [1]. We also establish the corresponding p, q-analogue.

For n ≥ 0, the bisnomial coefficients
(
n
k

)
s

(s ≥ 1) , are defined by the expansion

(
1 + x+ x2 + · · ·+ xs

)n
=
∑

k≥0

(
n

k

)

s

xk, (1)
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We established in [1], for a = ei 2π
s+1 with i2 = −1, that

(
n

k

)

s

=
∑

j1+j2+···+js=k

(
n

j1

)(
n

j2

)
· · ·
(
n

js

)
(−1)k

a−
∑s
r=1 rjr , (2)

and defined the q-analogue of bisnomial coefficients by

[
n

k

](s)

q

:=
∑

j1+j2+···+js=k

[
n

j1

]

q

[
n

j2

]

q

· · ·
[
n

js

]

q

q
∑s
r=1 (jr2 ) (−1)k

a−
∑s
r=1 rjr , (3)

where [
n

k

]

q

=
[n]q!

[k]q![n− k]q!
, [n]q! = [1]q[2]q · · · [n]q , [n]q = 1 + q + · · ·+ qn−1.

Now, we propose the p, q-analogue of the bisnomial coefficient defined by

[
n

k

](s)

p,q

:=
∑

j1+j2+···+js=k

[
n

j1

]

p,q

[
n

j2

]

p,q

· · ·
[
n

js

]

p,q

p
∑s
r=1 (n−jr2 )q

∑s
r=1 (jr2 ) (−1)k

a−
∑s
r=1 rjr ,

where [
n

k

]

p,q

=
[n]p,q!

[k]p,q![n− k]p,q!
, [n]p,q! = [1]p,q[2]p,q · · · [n]p,q , [n]p,q = pn−1 + pn−2q + · · ·+ qn−1.

With this proposition we get the following identity

n−1∏

j=0

(
s∑

t=0

(
pjx
)t (

qjy
)s−t

)
=

ns∑

k=0

[
n

k

](s)

p,q

xkyns−k.

2. Main results
Let
[
n
k

](1)
q

:= q(
k
2)
[
n
k

]
q
. The q-analogue of the Chu-Vandermonde identity, (see for instance [2]), is given by

[
n+m

k

]

q

=
k∑

j=0

q(n−j)(k−j)

[
n

j

]

q

[
m

k − j

]

q

,

or equivalently [
n+m

k

](1)

q

=
k∑

j=0

qn(k−j)

[
n

j

](1)

q

[
n

k − j

](1)

q

.

The q-Chu-Vandermonde identity can be extended to the q-bisnomial coefficients as following.

Theorem 1. The q-analogue of bisnomial coefficients
[
n
k

](s)
q

satisfy the general Chu-Vandermonde identity associated to the
q-bisnomial coefficients [

n+m

k

](s)

q

=
k∑

j=0

qn(k−j)

[
n

j

](s)

q

[
n

k − j

](s)

q

.

And it’s extended to the p, q-bisnomial coefficients as following.

Theorem 2. The p, q-analogue of the generalized Chu-Vandermonde identity according to the p, q-bisnomial coefficients is
given by [

n+m

k

](s)

p,q

=
k∑

j=0

pn(k−j)qn(k−j)

[
n

j

](s)

p,q

[
m

k − j

](s)

p,q

.
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Résumé

Soit s un entier non nul, on se propose de construire des triangles arithmetiques associés à la suite de
Fibonacci généralisée (s-bonacci) , ensuite une étude d’unimodalité et de log-concavité sur les suites récurrentes
linéaires situées sur les transversales finies de ces triangles est établie.

Key words : triangles arithmitiques, suite s-bonacci, unimodalité, log-concavité.

2010 Mathematics Subject Classification :05A10 .

1. Introduction
On définit la suite s-bonacci comme suit :

Tn = Tn−1 + Tn−2 + · · ·+ Tn−s−1 tel que, T0 = 1, T−1 = 0, · · ·T−s = 0.

Il est bien connu que les termes de la suite de Fibonacci (Fn)n peuvent étre récupérer en sommant les éléments diagonaux
du triangle de Pascal. Ainsi pour s = 1, Fn = Fn−1 + Fn−2 et Fn+1 =

∑
k

(
n−k

k

)
.

Alladi et Hoggat [1] ont proposé pour, s = 2, un triangle arithemétique associé à la suite de tribonnaci, les éléments de ce
triangle sont obtenus par la récurrence suivante :

b(n, i) = b(n− 1, i) + b(n− 1, i− 1) + b(n− 2, i− 1),

avec b(n, 0) = b(n, n) = 1.

Barry [2] a donné une relation entre les éléments du triangle associé à la suite de tribonacci et les coefficients binomiaux
comme suit :

b(n, i) =
i∑

j=0

(
i

j

)(
n− j
i

)
.

On ce propose d’étendre ces résultat a s quelconque
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FIG. 1 – triangle associé à la suite tribonacci.

2. un triangle arithmétique pour la suite s-bonacci

On note par
(
n
i

)(s)
les éléments du triangle associé à la suite s-bonacci donné par la récurrence linéaire

(
n

i

)(s)

=
(
n− 1
i

)(s)

+
(
n− 2
i− 1

)(s)

+ · · ·+
(
n− s+ 1
i− 1

)(s)

.

avec (n
0 )(s) = (n

n)(s) = 1.

Le résultat suivant exprime la relation entre les éléments du triangle de Pascal et les coefficients (n
i )(s) .

Théoreme 1. Les éléments du triangle arithmétique associé a la suite s-bonacci :

(
n

i

)(s)

=
∑

0≤is−1≤···≤i2≤i1≤i

(
i

i1

)(
i1
i2

)
· · ·
(
n− i1 − i2 − · · · − is−1

i

)
. (1)

Si on somme les éléments diagonaux du triangle associé à la suite s-bonacci on aura :

Théoreme 2. La somme des éléments diagonaux associé à la suite s-bonacci satisfait la récurrence suivante :

Tn = Tn−1 + Tn−2 + · · ·+ Tn−s−1,

avec T0 = 1, T−1 = 0, · · ·T−s = 0.
La forme explicite est donnée par

Tn =
bn/2c∑

i=0

(
n− i− 1

i

)(s)

.

3. Unimodalité et log-concavité
Dans cette section on établit l’unimodalité et la log-concavité des suites situées sur les transverasles finies du triangle

arithmétique associé à la suite s-bonacci.
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Rappelons qu’une suite de nombres reels a0, a1, · · · , an est unimodale si pour un certain {0 ≤ j ≤ n} on a {a0 ≤ a1 ≤
· · · · · · ≤ aj ≥ aj + 1 ≥ · · · ≥ an}, et elle est log-concave si a2

i ≥ ai−1ai+1 pour tout 1 ≤ i ≤ n− 1.
Notons que Tanny et Zuker [5] ont prouvé que les suites situées sur la diagonale principale du triangle de Pascal sont unimo-
dale. Belbachir et Szalay [3] ont etabli l’unimodalité de n’importe quelle suite située sur les transverasles finies du triangle
de Pascal.
Le resultat suivant établit la log-concavité de n’importe quelle suite située sur les transversales finies du triangle arithmétique
associé a la suite s-bonacci.

Théoreme 3. La suite (
(
n−qi
p+ri

)(s)
)i est log-concave.

Dans [4], on trouve que si une suite positive ui est log-concave sans zero entrelacés , alors cette suite est unimodal, ainsi :

Corollaire 3.1. La suite ((n−qi
p+ri )

(s))i est unimodal.
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Central Bisnomial Coefficients on Hypergrids
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Abstract

We study paths moving on an hypergrid, we reach some results concerning the stability by symmetry of the
set of these paths under some conditions related to dimension and length. This permits to give the interpretation
of the central bisnomial coefficients.

Key words: bisnomial coefficients, generalized Pascal triangle, hypergrid, suitable paths.

We need first to introduce some definitions and concepts.

Definition 1. [1] Let s ≥ 1 and L ≥ 0 be integers and k ∈ {0, 1, . . . , sL}. The bisnomial coefficient denoted
(
L
k

)
s
, is the

kth element of the development

(1 + x+ x2 + · · ·+ xs)L =
∑

k≥0

(
L

k

)

s

xk.

As an example, see Table 1 for s = 3, we give the corresponding triangle. As central representation see Table 2. For the

L\k 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1
1 1 1 1 1
2 1 2 3 4 3 2 1
3 1 3 6 10 12 12 10 6 3 1
4 1 4 10 20 31 40 44 40 31 20 10 4 1

Table 1: Bi3nomial coefficients(s = 3) :
(
L
k

)
3
.

properties of the bisnomial coefficients, we refer to [1, 2]. As the central binomial coefficient have the well known expression
Bn =

(
2n
n

)
, n ∈ Z+, we define the central bisnomial coefficients.
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1
1 1 1 1

1 2 3 4 3 2 1
6 10 12 12 10 6

· · · 20 31 40 44 40 31 20 · · ·
101 135 155 155 135 101

336 456 546 580 546 456 336
1554 1918 2128 2128 1918 1554

5328 6728 7728 8092 7728 6728 5328
...

...
...

...(
2n

3n−3

)
3

(
2n

3n−2

)
3

(
2n

3n−1

)
3

B3
n

Table 2: Central bi3nomial coefficients in generalized Pascal triangle, for s = 3

Definition 2. Let n, s ∈ Z+, we define the central bisnomial coefficient relatively to the parity of the number s as follows

Bs
n =





(
2n
sn

)
s
, If s is odd

(
n

sn/2

)
s
, if s is even

Pascal triangle (s = 1) is a triangular array of binomial coefficients such that, each number in the triangle is the sum of
the two numbers directly above it. (

n

k

)
=
(
n− 1
k − 1

)
+
(
n− 1
k

)
.

The generalized Pascal triangle is a triangular array of bisnomial coefficients such that each number in the triangle is the
sum of s+ 1 numbers directly above it. (

L

k

)

s

=
s∑

m=0

(
L− 1
k −m

)

s

.

Definition 3. A ”suitable path” on an hypergrid takes the axes in an increasing order: it passes from the ith axe to the
(i+ p)th axe, p ≥ 1, starting from the origin.

The following theorem gives an interpretation of the bisnomial coefficients using an hypergrid of dimension L, see [3].

Theorem 4. The number of suitable paths of length k tracing on L axes (directions) without exceeding the frequency of s
vertices on a direction, is equal to

(
L
k

)
s
.

The mathematical formulation is

#
{

0i01i12i2 · · · (L− 1)iL−1

/ L−1∑

m=0

im = k; i0, i1, . . . , iL−1 ≤ s
}

=
(
L

k

)

s

.

• The path 0i01i12i2 · · · (L − 1)iL−1 takes: i0 vertices on the first direction encoded by 0, i1 vertices on the second
direction encoded by 1, . . . , iL−1 vertices on the Lth direction encoded by L.

• The path 0i01i12i2 · · · (L− 1)iL−1 can be written under the following form

00 · · · 0︸ ︷︷ ︸
i0 times

11 · · · 1︸ ︷︷ ︸
i1 times

22 · · · 2︸ ︷︷ ︸
i2 times

· · · (L− 1)(L− 1) · · · (L− 1)︸ ︷︷ ︸
iL−1 times

.
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Figure 1: suitable and unsuitable paths on a cube
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• The red path is suitable because it takes the axes in an increasing order (the first, the second and the third axe starting
from the origin O), we encode it with 000112.

• The green path is unsuitable because the order is not respected (it takes the third axe then the first axe starting from the
origin O).

• The blue path is unsuitable because the order is not respected too (it takes the second axe, the third axe then it returns
to the second axe starting from the origin O).

Remark 1. The bisnomial coefficients count the number of particular increasing words.

Example 5. The number of suitable paths of length k = 6 tracing on an hypergrid of dimension L = 4, starting from the
origin O without exceed the frequency of three units on an axe (s = 3) is equal to

(
4
6

)
3

= 44.

#
{

0i01i12i23i3 ; i0 + i1 + i2 + i3 = 6; i0, i1, i2, i3 ≤ 3
}

=
(

4
6

)

3

.

The following codes (binary words) represent the different suitable paths starting from the origin.
We have 10 paths arranged in the following set (i3 = 0)
{000111, 000112, 001112, 000122, 001122, 011122, 000222, 001222, 011222, 111222}
We have 12 paths arranged in the following set (i3 = 1)
{000113, 001113, 000123, 001123, 011123, 000223, 001223, 011223, 111223, 002223, 012223, 112223}
We have 12 paths arranged in the following set (i3 = 2)
{000133, 001133, 011133, 000233, 001233, 011233, 111233, 002233, 012233, 112233, 022233, 122233}
We have 10 paths arranged in the following set (i3 = 3)
{000333, 001333, 011333, 111333, 002333, 012333, 112333, 022333, 122333, 222333}
This example shows that there is a correspondence between the distribution of suitable paths on the hypergrid and the

distribution of the bi3nomial coefficients 10, 12, 12, 10 directly above the number 44 in the generalized Pascal triangle, see
figure 2.

We identify each suitable path 0i01i12i2 · · · (L− 1)iL−1 with its end-point ai0,i1,...,iL−1 over the grid.

Corollary 5.1. Each end-point of a suitable path can not be reached by another suitable path.

We give now our main result.
We take L = 2n and k = sn for n ∈ Z+ and s odd integer.

Definition 6. We define the set M of maximum words associated to the dimension L = 2n as following

M =
{

0i01i12i2 · · · (2n− 1)i2n−1

/ 2n−1∑

m=0

im = sn; i0, i1, . . . , i2n−1 ≤ s
}
,

Definition 7. The symmetrized of a point ai0,i1,...,iL−1 is the point a′i′0,i′1,...,i′L−1
, such that: i′j = s− ij ,

j ∈ {0, 1, . . . , L− 1}.

We can verify that if the point ai0,i1,...,iL−1 is in the setM, then its symmetrized a′i′0,i′1,...,i′L−1
is also inM, so we conclude

the following result.

Theorem 8. The set M is stable by symmetry.

Theorem 9. If k 6= sn, the set

{
0i01i12i2 · · · (2n− 1)i2n−1

/ 2n−1∑

m=0

im = k; i0, i1, . . . , i2n−1 ≤ s
}
,

is not stable by symmetry.

Theorem 10. Bs
n is the cardinal of the set M.
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Abstract
We present a structural approach of some results about jumps in the behavior of the profile (alias

generating functions) of hereditary classes of finite structures. Considering the notion of monomorphic
decomposition of a relational structure, we show that if a structure decomposes into finitely many
classes then the profile of its age is polynomial, otherwise it contains a minimal substructure with the
same property. We deduce that the profile of a hereditary classe of ordered binary structures (with
finite signature) is either polynomial or bounded below by an exponential. This result was previously
obtained for ordered graphs by Balogh, Bollobás and Morris [2]

Key words: relational structures, asymptotic enumeration, profile, ordered graphs, tournaments.
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1. Introduction
The profile of a class C of finite relational structures is the integer function ϕC which counts for each non negative
integer n the number of members of C on n elements, isomorphic structures being identified. Numerous papers
discuss the behavior of this function when C is hereditary (that is contains every substructure of a member
of C ) and is made of graphs (directed or not), of tournaments, of ordered sets, of ordered graphs, of ordered
hypergraphs... Futhermore, it turns out that the line of study about permutations (see [1]), originating in the
Stanley-Wilf conjecture, solved by Marcus et Tardös (2004) [14], falls under the frame of the profile of hereditary
classes of relational structures. The results show that the profile cannot be arbitrary, there are jumps in its possible
growth rate. Typically, it is polynomial or faster than every polynomial and for several classes of structures, either
at least exponential (e.g. for tournaments [6], ordered graphs and ordered hypergraphs [3, 11], permutations [10])
or at least with the growth of the partition function (e.g. for graphs [4]). For more, see the survey of Klazar [12].

Here, we present a structural approach of some jump results based on the following notion. A monomorphic
decomposition of a relational structure R is a partition of its domain V (R) into a family of sets (Vx)x∈X such that
the restrictions of R to two finite subsets A and A′ of V (R) are isomorphic provided that the traces A ∩ Vx and
A′ ∩ Vx have the same size for each x ∈ X (see [19]). We show that if a class C is made of ordered structures
which have finite monomorphic decomposition then its profile is a polynomial. Let Sµ be the class of relational
structures of signature µ which do not have a finite monomorphic decomposition. We show that if a hereditary
subclass D of Sµ is made of ordered relational structures then it contains a finite subset A such that every member
of D embeds some member of A. In the case of ordered binary structures, A has one thousand two hundred and
forty six members. From the description of these members we show that the profile of the age A(R) of an ordered
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binary relational structure R belonging to D is at least exponential. We deduce that a hereditary class of finite
ordered binary structures whose profile is not bounded by a polynomial is at least exponential. Part of these results
have been announced in [17]. They are included in chapters seven and eight of our doctoral thesis [16] defended
on september 28, 2015 at the faculty of mathematics of USTHB under the supervision of professors Moncef Abbas
and Maurice Pouzet.

2. Basic notions, definitions and main results
Our terminology follows Fraïssé [7]. A relational structure is a pair R := (V, (ρi)i∈I) where each ρi is a ni-ary
relation on V ; the set V is the domain, denoted by V (R), the sequence µ := (ni)i∈I is the signature. This is a
binary relational structure, binary structure for short, if it is made only of binary relations. It is ordered if one
of the relations ρi, say for example ρ1, is a linear order. A relational structure R is embeddable in a relational
structure R′, in notation R ≤ R′, if R is isomorphic to an induced substructure of R′. A class C of structures
is hereditary if it contains every relational structure which can be embedded in some member of C . The class of
finite relational structures of signature µ is denoted by Ωµ. It is quasi-ordered by embeddability.

Let R be a relational structure. A subset V ′ of V (R) is a monomorphic part of R if for every integer k and
every pair A, A′ of k-element subsets of V (R), the induced structures on A and A′ are isomorphic whenever
A \ V ′ = A′ \ V ′. A monomorphic decomposition of R is a partition P of V (R) into monomorphic parts.
A monomorphic part which is maximal for inclusion is a monomorphic component of R. The monomorphic
components of R form a monomorphic decomposition of R of which, every monomorphic decomposition of R is
a refinement (Proposition 2.12 of [19]). Revisiting these notions, we may define this partition in a direct way as
follows.

Let x and y be two elements of V (R). Let F be a finite subset of V (R) \ {x, y}, we say that x and y of are
F -equivalent and we set x 'F,R y if the restrictions of R to {x} ∪ F and {y} ∪ F are isomorphic. Let k be a
non-negative integer, we set x 'k,R y if x 'F,R y for every k-element subset F of V (R) \ {x, y}. We set x '≤k,R y
if x 'k′,R y for every k′ ≤ k and x 'R y if x 'k,R y for every k. This defines three equivalence relations on V (R).
As it turns out:

Lemma 1. The equivalence classes of 'R are the maximal parts of R.

In the case of binary structures or of ordered structures there is a threshold phenomenon.

Lemma 2. The equivalences relations '≤6,R and 'R coincide on a binary structure. If R is a directed graph,
resp. an ordered graph, we may replace 6 by 3, resp. by 2. If T is a tournament, the number of equivalences classes
of '≤3,T is finite provided that the number of equivalence classes of '≤2,T is finite. There is an integer i(m) such
that on an ordered structure of arity at most m the equivalences relations '≤i(m),R and 'R coincide.

The case of binary structures follows from a reconstruction result of Lopez [13]. The case of directed graphs
was obtained independently by Boudabbous [5]. The case of ordered structures follows from a result of Ille [9].
Using a result of [18] one can show that there is no threshold for ternary relations.

If a structure R has infinitely many classes and 'R coincide with '≤k,R then one can find a family of maps
f : N → V (R), gi : [N]2 → V (R) for i < k − 1 such that for every n < n′ ∈ N, f(n) and f(n′) are not
{gi(n, n′) : i < k − 1}-equivalent. The restriction of R to the union of the images of this collection of maps has
infinitely many equivalence classes. Ramsey’s theorem allows to find an infinite subset X ⊆ N on which the maps
of this family "invariant" with respect to R (the notion of invariance is explained in 2.2 of [6]). It turns out that if
R is an ordered binary structure, the profile of the resulting structure is at least exponential. On an other hand,
it is easy to see that if an infinite relational structure has a finite monomorphic decomposition into k + 1 blocks,
then its profile is bounded by some polynomial whose degree is, at most, k. In fact, and this is the main result
of [19] this a quasi-polynomial whose degree is the number of infinite monomorphic component minus 1 (that is a
sum ak(n)nk + · · ·+ a0(n) whose coefficients ak(n), . . . , a0(n) are periodic functions). We show that if an ordered
structure has a finite monomorphic decomposition into k + 1 blocks, then its profile is a polynomial. This yields
the following dichotomy result for an ordered binary structure:

Theorem 3. An ordered binary structure has either a finite monomorphic decomposition, in which case the profile
of its age is polynomial, or not, in which case this profile is at least exponential.

70



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Let Sµ be the class of all relational structures of signature µ which do not have a a finite monomorphic
decomposition.

Conjecture 1. There is a finite subset A made of incomparable structures of Sµ such that every member of Sµ

embeds some member of A.

This conjecture holds if we replace Sµ by a hereditary class made of binary structures or of ordered binary
structures.

Examples 1. • If Sµ is made of bichains, A has twenty elements, [15].

• If Sµ is made of tournaments, A has twelve elements, [6].

• If Sµ is made of graphs, A has ten elements.

• If Sµ is made of ordered reflexive (or irreflexive) graphs, A has one thousand two hundred and forty six
elements.

In the last item A is made of members whose profile has exponential growth, in fact as fast as the Fibonacci
sequence.
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Abstract
Soit G un graphe non orienté. Une incidence de G est un couple (u, e) où u est un sommet, et e une arête

incidente au sommet u (une incidence peut ainsi être assimilée á une demi-arête ). Deux incidences (u, e) et
(v, f) sont adjacentes si (1) u = v, ou (2) e = f , ou (3) e = uv. Une k−coloration d’incidence d’un graphe
G est une fonction associant une couleur prise dans l’ensemble {1, 2, ..., k} á chaque incidence de G de façon
telle que deux incidences adjacentes aient des couleurs distinctes. Le nombre chromatique d’incidence de G,
noté χi(G), est alors le plus petit entier k tel que G admet une k−coloration d’incidence.

Dans cet exposé, nous allons déterminer le nombre chromatique d’incidence et du carré pour certains cas
des graphes circulants et distances.

Key words: Nombre chromatique; carré d’un graphe; Graphe circulant; Coloration d’incidences; Graphe distance.

2010 Mathematics Subject Classification: : 05C15,05C70.

1. Introduction
Soient n,m deux entiers positifs et soitD = {a1, a2, ..., am} un ensemble d’entiers strictement positifs. Un graphe circulant,
noté G(n,D) ou Cn(a1, a2, ..., am), est défini par l’ensemble de ses sommets V = {0, 1, ..., n − 1} et l’ensemble de ses
arêtes E = {i, i+ aj [n]}, 0 ≤ i ≤ n− 1, 1 ≤ j ≤ m.
Un graphe distance, noté G(D) est défini par l’ensemble de ses sommets Z et l’ensemble de ses arêtes E = {i, i+ aj}, 0 ≤
i ∈ Z.
Les colorations d’incidence ont été introduites par Brualdi et Massey [3] qui ont conjecturé que pour tout graphe G, χi(G) <=
Delta(G)+2. Cette conjecture s’est avérée fausse par la suite mais plusieurs classes de graphes vérifient cette relation. C’est
notamment le cas des graphes cubiques [4] des graphes planaires extérieurs ou, plus généralement, des 2-arbres partiels [5].
le carré d’un graphe G noté G2, est le graphe ayant même ensemble de sommets que G tel que deux sommets sont adjacents
dans G2 si et seulement si leur distance dans G est d’au plus 2.
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2. Main results

2.1. Coloration d’incidences et des carrés des graphes distances

Theorem 1. [6] Pour tout graphe G ayant au moins une arête, χ(G2) ≤ k si et seulement si G admet une K−coloration
d’incidence.

Proposition 1. Soit G(D) un graphe distance:
Si D = {1, a} alors χi(G) = χ(G2) = 5 si et seulement si a ≡ 2[5] ou a ≡ 3[5].

Theorem 2. Soit G(D) un graphe distance. Si D = {1, a} alors:

χi(G) = χ(G2) =
{

5 a ≡ 2[5] ou a ≡ 3[5];
6 sinon.

Proposition 2. Soit G(D) un graphe distance:
Si D = {1, 2, ...,m, a} alors χi(G) = χ(G2) = 2m+ 3 si et seulement si a ≡ m+ 1[2m+ 3] ou a ≡ m+ 2[2m+ 3].

Theorem 3. soit G(D) un graphe distance, tel que D = {1, 2, ...m, a}:

χi(G) =
{

2m+3 si a ≡ m+ 1[2m+ 3] ou a ≡ m+ 2[2m+ 3];
2m+4 sinon.

Corollary 3.1. soit G(D) un graphe distance, tel que D = {1, 2, a}:

χi(G) =
{

7 si a ≡ 3[7] ou a ≡ 4[7];
8 sinon.

Proposition 3. Soit G(D) un graphe distance:
Si D = {1, a, a+ 1} alors χi(G) = χ(G2) = 7 si et seulement si a ≡ 2[7] ou a ≡ 4[7].

Theorem 4. Soit G(D) un graphe distance tel que D = {1, 2, 3, ...a0, a1, a2, ..., am}:
si a1 − a0 ≤ (2a0 + 1) et ai+1 − ai ≤ (2a0 + 1) ∀i, j ∈ {1, ...,m}, alors: χi(G) = χ(G2) = ∆ + 1 si et seulement si:

1. ai + aj 6= a0 + am + 1 ∀i, j ∈ {1, ...,m}
2. a0 + am = 2|D|

Corollary 4.1. Soit G(D) un graphe distance:
Si D = {1, 3, 5, ..., 2p− 1} alors χi(G) = χ(G2) = 2p+ 1 = ∆ + 1.

Corollary 4.2. Soit G(D) un graphe distance:
Si D = {1, 2, 4, ..., 2p− 2} alors χi(G) = χ(G2) = 2p+ 1 = ∆ + 1.

2.2. Coloration d’incidences et des carrés des graphes circulants

Theorem 5. [1] Soit D = {a}. Si G(n,D) est connexe, alors

χ(G(n,D)) =
{

2, si n est pair;
3, sinon.

Theorem 6. [1] Soit D = {a, b}, si G(n,D) est connexe, alors:

χ(G(n,D)) =





2, si a et b sont impairs et n est pair;
4, si 3 ne divise pas n, n 6= 5, et (b ≡ ±2a[n]) ou (a ≡ ±2b[n]);
4, si n = 13 et (b ≡ ±5a[13]) ou (a ≡ ±2b[13]);
5, si n est pair;
3, sinon.

Theorem 7. [2] Soient D = {a, b, c} et n ≥ 7. Si |c|n = |a+ b|n alors χ(n,D) = 4 sauf dans les cas suivants:
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1. Ni a, ni b ni c sont divisibles par 3 et n ≡ 0[3], dans ce cas χ(n,D) = 3.

2. D = {1, 2, 3} et n 6≡ 0[4], n 6= 7, 11, dans ce cas χ(n,D) = 5.

3. D = {1, 3, 4} et n ∈ {13, 17, 18, 25}, ou D = {1, 7, 8} et n ∈ {19, 26}, ou D = {1, 6, 7} et n = 33, ou D =
{1, 10, 11} et n = 37, dans tous ces cas χ(n,D) = 5.

4. D = {1, 2, 3} et n = 7 (χ(n,D) = 7) ou n = 11 (χ(n,D) = 6).

Corollary 7.1. Soit G(n,D) un graphe circulant:
Si D = {1, a} alors χi(G) = χ(G2) = 5 si et seulement si n ≡ 0[5] et (a ≡ 2[5] ou a ≡ 3[5]).

Theorem 8. Soit G(n,D) un graphe circulant. Si a = 3 alors:

χ(G2) =





5 si n est un multiple de 5;
7 si n=7,8,9,11,13,14,16,19,21,26,31;
6 sinon.

Theorem 9. Soit G(n,D) un graphe circulant. Si a = 4 alors:

χ(G2) =
{

6 si n est un multiple de 6;
7 sinon.

Theorem 10. Soit G(n,D) un graphe circulant. Si a = 5 alors:

χ(G2) =





7 si n=13,14,15,16,17,18,19,20,21,25,26,27,28,29,
30,31,32,37,38,39,40,43,49,50,51,61,62,73;

6 sinon.

Theorem 11. Soit G(n,D) un graphe circulant:
. Si a = 6 alors:

χ(G2) =





7 si n=13,14,15,16,19,21,23,24,25,26,27,28,29,31,32,35,37,38,39,40,42,
43,45,,46,48,49,50,53,54,56,57,59,61,62,65,67,73,78,79,86,97;

6 sinon.

Theorem 12. Soit G(n,D) un graphe circulant. Si a = 8 alors:

χ(G2) =





5 si n est un multiple de 5;
7 si n=19,21,26,27,31,32,37,38,43,49,56;
6 sinon.

Theorem 13. Soit G(n,D) un graphe circulant. Si a ∈ {3, 7, 8} alors:

χi(G) =
{

5 si n est un multiple de 5;
6 sinon.

Theorem 14. Soit G(n,D) un graphe circulant. Si a ∈ {4, 5, 6} alors:
χi(G) = 6

3. Conclusion
Dans cet exposé nous nous avons détérminé le nombre chromatique dincidence et le nombre chromatique du carré pour
certaines classe des graphes circulants et distances. Nous allons essayer de prouver la conjecture de Brualdi et Massey pour
les graphes circulants G(n,D) avec D = {1, a}.
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Abstract

A paired-dominating set of a graphG = (V,E) with no isolated vertex is a set S of vertices ofG such that every
vertex is adjacent to some vertex in S and the subgraph G[S] induced by S contains a perfect matching. the
upper paired-domination number of G, denoted by Γpr(G) is the maximum cardinality of a paired-dominating
set ofG. The upper paired domination subdivision number sdΓpr (G) is the minimum number of edges that must
be subdivided (each edge inG can be subdivided at most once) in order to increase the upper paired -domination
number. In this paper we establish upper bounds and give exact value for both the upper paired-domination
number and the upper paired-domination subdivision number for some graphs (trees, cycles ,bipartite graphs
,gird..).

Key words: domination set, paired domination, domination subdivision number.
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1. Introduction
Let G = (V,E) be a graph without isolated vertices. we denote by n the order of G and by m the size of G. The minimum
and maximum degrees of G are respectively denoted by ∆(G) and δ(G) .
A leaf is a vertex of degree 1 and a support vertex is a vertex adjacent to the leaf. A support vertex is strong if it is adjacent
to more than one leaf.
A star K1,m is a tree obtained from the graph K1 by attaching m leaf. A corona of G is the graph constructed from a copy
of G, where for each vertex v, a new vertex v

′
and a pendant edge are added.For a detailed treatment of this parameter,the

reader is referred to[3].
A set S of G is a dominating set of G if every vertex not in S is adjacent to a vertex in S. A matching in graph G is a set of
independent edges in G,a perfect matching M in G is a matching in G such that every vertex of G is incident to an edge of
M .
The paired domination was introduced by Haynes and Slater(1998, 1995) as a modal for assigning backups to guards for
security purpose,since this time many results have been obtained on this parameter [1.4.7.13].
The upper paired-domination number Γpr(G) = max {|S|: S a minimal paired domination set }.
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2. Main results
Observations

• Every graph G without isolate vertex have a paired-domination (upper paired domination set ).

• The paired-domination number for any graph G is even number.

• The paired-domination subdivision number of the graphK2 does not change because only one edge can be subdivided
then the degree n of G must be at least equal 3.

Upper bounds:
In this section,we give a value of the upper paired domination number for particular a graphs (Paths,cycles,trees, grid,

complete and bipartite complete graphs...). we show that for every cycle or path we have 1sdΓpr
(G)3. we give exact value of

sdΓpr
(G) for complete graph, bipartite complete graph, a star and subdivided star, also we give upper bound for this number

for trees, grid and triangular graph.

3. Conclusion
In this article,we give some definitions of particular graphs and their upper paired domination number with the subdivision
number for this kind of domination.
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Abstract
The aim of this communication is to analyse the security of an important protocol in public key cryptogra-

phy. More precisely, we review the main attacks against the ElGamal digital signature.

Key words: Public key cryptography, digital signature.
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1. Introduction
Public key cryptography started with the publication of the famous paper of Diffie and Hellman : ”New directions in cryp-
tography” [1]. One of the most important field in this topic is probably the digital signature protocol. Its requirement in
e-business for funds transferring, makes it a sensitive question. Let us recall the principle. For the user Alice we prepare two
kind of keys. The first, y, is public and must be largely diffused to the other users. The second, x, is private and must be kept
secret. When Alice decides to sign a document M , she has to solve a difficult problem, in general a mathematical equation.
This problem is depending of Alice public key y and of the document M . It is constructed in a way such that nobody, except
Alice, can solve it. With the help of her secret key x, Alice is able to give the answer. The equation is based on a hard question
in mathematics like factorization or discrete logarithm problem. We cannot forge Alice signature, but anyone like a judge can
verify that the solution she gives is valid.
One of the first proposed digital signatures is Elgamal protocol.
1. Alice chooses three numbers:

- p, a large prime integer.
- α, a primitive element (or a generator)of the finite multiplicative group Z∗

p

- x, a random element belonging to the set {2, 3, ..., p− 2}.
Then she computes y = αx mod p. Alice public keys are (p, α, y), and x is her private key.
2. To sign the message m, Alice needs to solve the equation :

αm ≡ yrrs [p] (1)

where r, s are the unknown variables.
Alice fixes arbitrary r to be r = αk mod p, where k is chosen randomly and invertible modulo p− 1. Parameter k is called a
nonce. Equation (1) is then equivalent to :

m ≡ xr + ks [p− 1] (2)

As Alice knows the secret key x, and as the integer k is invertible modulo p− 1, she computes the second unknown variable

s: s ≡ m− xr
k

[p− 1]
3. Bob can verify the signature by checking that congruence (1) is valid for the variables r and s given by Alice.
In this work we review the main attacks against this digital signature. Namely:
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2. Main attacks

Attack 1:
In 1996 at Eurocrypt’96, Bleichenbacher has showed, that if α divides p− 1 then he can sign any document without knowing
the secrete key x:
Theorem 1. ([3]) If α is B smooth and divides p1 then it is possible to generate a valid ElGamal signature on any given
message.

Attack 2:
In 1999, Kuwakado and Tanaka [6] proved that, when we use ElGamal method to sign two documents, if the secret nonces
k1, k2 are less than the square root of the prime modulus p, then we can compute the secret key of the signer and break all the
system. Thay gave an algorithm which works in a polynomial time.

Attack 3:
In 2015 we extend this attack by proving that if we can find a positive integer i, coprime with p − 1, such that αi mod p
is smooth and divides p − 1, then it is also possible to sign any given document without knowing the secrete key. The
contributions must be in the following fields:
Theorem 3.([4]) Let (p, α, y) be Alice public key in an ElGamal signature protocol. Suppose that p ≡ 1 [4]. If we can
compute a natural integer i, coprime to p1, such that ai mod p is B−smooth and divides p− 1, then it is possible to generate
a digital signature for any given document without knowing Alice private key.
There are many questions on ElGamal signature security, that still without answer. For example is breaking ElGamal signature
protocol equivalent to solving the discrete logarithm problem ?

3. Conclusion
In this communication, we analyzed the security of ElGamal digital signature scheme and discussed the most important
attacks against this protocol.
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Abstract

This paper addresses the problem of scheduling, on a two-machine flow shop, a set of unit-time operations
subject to the constraints that some conflicting jobs cannot be scheduled simultaneously. In the context of our
study, these conflicts are modeled by general graphs. The problem of minimizing the maximum completion
time (makespan) is shown to be NP-hard in the strong sense. We propose heuristic and lower bound procedures
and provide a computer simulation to measure the performance of these procedures for a wide range of test
problems with known optimal solutions.

Key words: Scheduling, flow shop, conflict graph, lower bound, heuristic.

2010 Mathematics Subject Classification: 90B35.

1. Introduction
We consider the following scheduling problem: n jobs {Jj , j = 1, . . . , n} has to be processed on two dedicated processors
{M1, M2}. Each job Jj has two operations requiring one unit of running time, and must be processed first on M1 and next
on M2. Furthermore, the jobs are subject to the constraints that some conflicting jobs cannot be executed at the same time
on different machines. These constraints can be modeled by an undirected graph G = (V,E), such that jobs represented by
adjacent vertices in G must run in disjoint time intervals. The graph G is called the conflict graph and the graph G = (V,E)
(called the agreement graph) denotes the complement of the conflict graph G, unless mentioned otherwise. As far as we
know, this model has not been considered in the literature yet. This problem can be solved in polynomial time if G is a clique
(all the jobs are processed in disjoint time intervals), or if G is an independent set (the jobs can be processed in any order
without interior idle times).

In some practical applications, jobs in flow shop scheduling may require the use of additional non-renewable resources
(its consumption up to any given moment is constrained; for instance: money, fuel, etc.) [5]. A job can only be processed on
a machine in a given time unit after it has an exclusive lock on all required resources. Therefore, two jobs having common
resources may not run in simultaneously. This problem can be modeled as a Flow Shop problem with Conflict graph (FSC in
short).

Scheduling with conflict graphs (SWC) has been studied on identical machines: n jobs have to be scheduled on m
processors subject to constraints represented by a conflict graph G. For two machines and arbitrary processing times, this
problem is NP-hard even if the conflict graph is empty [8]. Baker and Coffman [1] have called Mutual Exclusion Scheduling
(MES) the SWC problem in which each job requires one unit of running time. This problem corresponds exactly to a
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minimum coloring of the conflict graph G such that each color appears at most m times. The MES problem is NP-hard since
the problem of finding a minimum coloring of a graph is NP-hard [9]. For more results about the SWC problem with arbitrary
processing times, the interested reader is referred to the papers [7, 2, 4, 3].

The remainder of this paper is organized as follows. Section 2 presents NP-hardness results. In Section 3, we discuss
four lower bounds. Section 4 provides four heuristic algorithms. Section 5 is devoted to the experiments.

2. Complexity
This section focuses on some complexity results of the FSC problem on two machines, that we obtained in previous works. It
is clear that the problem of flow shop scheduling with conflict graph and the problem of flow shop scheduling with agreement
graph are polynomially equivalent.

In [11], we showed that, for two machines and arbitrary processing times, the FSC problem is NP-hard in the ordinary
sense even if the conflict graph is a collection of two disjoint cliques. Furthermore, when all the operations require one unit
of running time, the FSC problem on two machines remains NP-hard (in the strong sense) for planar graphs, bipartite graphs
and chordal graphs. However, there are many special graph classes on which this problem is solvable in polynomial time,
including interval graphs, circular arc graphs, cocomparability graphs, cographs, trees, block graphs and bipartite permutation
graphs.

3. Lower bounds
We present in this section four different lower bounds for the makespan.

3.1. Agreement graph-based lower bounds

This lower bound is derived by considering the agreement graph G. Since non adjacent jobs must be scheduled in disjoint
time intervals for any feasible solution, the sum of the processing times of the jobs (two units for each job) of a maximum
independent set (MIS) in G represents a lower bound for the makespan. The MIS problem is NP-hard, thus two greedy
algorithms, namely GMIN and GMAX, presented in [10] have been considered. The resulting lower bounds are named with
LB1 and LB2 respectively.

3.2. Conflict constraints relaxation-based lower bound

This lower bound can be derived by relaxing the constraints of conflict. The problem is then reduced to the basic two-machine
flow shop problem with unit-time operations. In this case: LB3 = n+ 1 is a valid lower bound for the makespan.

3.3. A maximum matching-based lower bound

This lower bound is obtained by relaxing the precedence constraints between the operations of each job. The relaxed
problem might now be viewed as a maximum matching problem in bipartite graph. Indeed, consider the bipartite graph
R = (V1, V2;C) defined as follows:

• Vx = {Jx1, Jx2, . . . , Jxn} represents the operations of the jobs of V to be processed on machine x (x=1 or 2)

• For each two jobs Ji and Jj (i 6= j), two edges {J2i, J1j} and {J1i, J2j} exist if Ji and Jj are not in conflict.

If M is the value of a maximum matching in R, then LB4 = 2n−M is a lower bound for the makespan.

4. Heuristic algorithms
We discuss in this section two different ways of building a priority list, and two different strategies to schedule a given priority
list. Observe that four heuristics can be built out of this approach.

Step 1. The priority list is constructed any of the following rules.
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1. Nonincreasing order of the conflict degree.

2. Nondecreasing order of the conflict degree.

Step 2. The priority list is then scheduled with either of the following strategies.

1. Place the next job of the priority list on the first available position that generates a minimum total idle time.

2. Schedule the job with the highest priority value (from the jobs that have not been assigned yet) which is not in
conflict with the job already processed. If such a job does not exist, then select the first job of the priority list.

We denote by Hij the corresponding heuristic in which priority rule i of Step 1 is applied to strategy j of Step 2.

5. Computational experiments
The runs of the above procedures were made with Microsoft Visual Studio 2012 (using C++ language) which was executed
on a Pentium(R) Dual-Core PC computer with CPU@3.00 GHz and 1,00 Go RAM. All experiments are carried out on 270
instances. The conflict graph of each instance is generated using the G(n,p) Erdős Rényi method [6]. Given n vertices, the
G(n,p) method generates a graph where each element of the

(
n
2

)
possible edges is present with probability p. For each pair

(n, p), 10 instances are built, p ∈ {0.2, 0.5, 0.8}, n ∈ {20, 40, 80, 100, 150, 200, 250, 300, 400}. The computational results
are summarized in Table 1. We have observed from the implementation that the lower bounds LB1 and LB2 are weaker
compared to the others. Also, H11 and H12 outperform H21 and H22 according to all the criteria and for all the instance
classes. Therefore, in what follows we consider only LB3, LB4, H11 and H12.

Table 1: Performance of the heuristic algorithms and lower bounds.

(LB3) (LB4) (H11) (H12)
p n a b c a b c a b c a b c
0.2 20 100 100 0 0 0 5 100 100 0 100 100 0

40 100 100 0 0 0 2.5 100 100 0 100 100 0
80 100 100 0 0 0 1.25 100 100 0 100 100 0
100 100 100 0 0 0 1 80 80 0.196 80 80 0.196
150 100 100 0 0 0 0.667 90 100 0.065 90 100 0.065
200 100 100 0 0 0 0.5 90 100 0.049 90 100 0.049
250 100 100 0 0 0 0.4 100 100 0 100 100 0
300 100 100 0 0 0 0.333 100 100 0 100 100 0
400 100 100 0 0 0 0.25 90 90 0.024 80 80 0.049

0.5 20 100 100 0 0 0 5 70 100 1.778 70 100 1.778
40 100 100 0 0 0 2.5 90 100 0.238 80 90 0.476
80 100 100 0 0 0 1.25 50 90 0.728 50 90 0.609
100 100 100 0 0 0 1 50 100 0.490 50 90 0.586
150 100 100 0 0 0 0.667 60 90 0.263 60 90 0.263
200 100 100 0 0 0 0.5 70 90 0.197 70 90 0.197
250 100 100 0 0 0 0.4 50 50 0.316 50 60 0.237
300 100 100 0 0 0 0.333 60 70 0.198 50 80 0.165
400 100 100 0 0 0 0.25 50 90 0.149 50 100 0.124

0.8 20 50 80 4.285 0 30 5.847 0 10 11.570 30 100 3.807
40 100 100 0 0 0 2.5 0 50 5.005 30 50 3.658
80 100 100 0 0 0 1.25 20 90 1.805 0 70 2.046
100 100 100 0 0 0 1 10 80 1.553 0 80 1.649
150 100 100 0 0 0 0.667 0 70 1.370 0 80 1.367
200 100 100 0 0 0 0.5 0 60 1.274 10 80 1.030
250 100 100 0 0 0 0.4 0 50 1.063 10 80 0.867
300 100 100 0 0 0 0.333 10 80 0.658 0 30 0.789
400 100 100 0 0 0 0.25 0 60 0.643 0 70 0.569

a(%): Number of times in percentage a given heuristic coincides with the optimal solution.
b(%): Number of times in percentage a given heuristic achieves the best solution.
c(%): Average percentage deviation from the optimal solution.
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5.1. Discussion

We report in this section the performance of the heuristic algorithms and lower bounds developed in this paper. The evaluation
shows that LB3 outperforms LB4 for all instance classes. However, LB4 shows a good performance (in terms of deviation
from the optimal solution) especially for large instances with high densities. On the other hand, H12 seems to be more
efficient than H11 for large instances with high densities, whereas H11 performs well for small instances and problems with
low densities.
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Abstract

In this paper, we use a monotonicity approach to establish insensitive bounds for some performance
measures of an M/G/1 retrial queue with server subject to breakdowns by using the theory of stochastic
orderings. We prove the monotonicity of the transition operator of the embedded Markov chain relative
to stochastic and convex orderings. We obtain comparability conditions for the distribution of the
number of customers in the system. The main result of this paper consists in giving insensitive bounds
for the stationary distribution. Such a result is confirmed by numerical illustrations.

Key words: Retrial queue, monotonicity approach, Markov chain, stationary distribution.
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1. Introduction

In most of the queueing literature the server is assumed to be always available, although this assumption is evidently
unrealistic. In fact, queueing systems with server breakdowns are very common in communication systems and
manufacturing systems, the machine may break down due to the machine or job related problems. This results in
a period of unavailable time until the servers are repaired. Such a system with repairable server has been studied
as a queueing model and a reliability model by many authors [4, 6].

An examination of the literature reveals the remarkable fact that the non-homogeneity caused by the flow
of repeated attempts is the key to understand most analytical difficulties arising in the study of retrial queues
[3]. Many efforts have been devoted to deriving performance measures such as queue length, waiting time, busy
period distributions, and so on. However, these performance characteristics have been provided through transform
methods which have made the expressions cumbersome and the obtained results cannot be put into practice. In the
last decade there has been a tendency towards the research of approximations and bounds. Qualitative properties
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of stochastic models constitute an important theoretical basis for approximation methods. One of the important
qualitative properties and approximation methods is monotonicity which can be studied using the general theory
of stochastic ordering [7].

We consider a single server retrial queue in which external customers arrive according to a Poisson stream with
rate λ > 0. We assume that there is no waiting space and therefore if an arriving customer finds the server idle,
the customer obtains service immediately and leaves the system after service completion. Otherwise, if the server
is found busy or down, the customer makes a retrial at a later time and then the arriving customer becomes a
source of repeated calls (a customer in retrial group). The pool of sources of repeated calls may be viewed as a sort
of queue with infinite capacity. It is assumed that the retrial times for any repeated customer are exponentially
distributed with rate α/n given that there are n customers in orbit. In this case, the retrial rate diminishes as
more customers unite to the retrial group (retrial queue with discouraged repeated demands).

The service times are independent and identically distributed with common distribution function B1(x),
Laplace-Stieltjes transform LB1(s) and n-th moments β1,n. Customers leave the system forever after service com-
pletion.

The server may breakdown when serving customers, and when the server fails it is sent to repair directly. The
customer just being served before server failure waits for the server to complete his remaining service.We suppose
that the server lifetime has exponential distribution with rate ν, i.e., the server fails after an exponential time with
mean 1

ν . It is assumed that the service time for a customer is cumulative and after repair the server is as good
as new. The repair times follow a general distribution B2(y) with Laplace-Stieltjes transform LB2(s) and n-th
moments β2,n.

As usual, we suppose that inter-arrival periods, retrial times, service times, server lifetimes and repair times
are mutually independent.

At an arbitrary time t, the system can be described by X(t) = (C(t), N(t), ξ1(t), ξ2(t)), where C(t) denotes the
server state (0, 1 or 2, depending if the server is free, busy or down) and N(t) is the number of repeated customers
at time t. If C(t) = 1, then ξ1(t) represents the elapsed service time of the customer currently being served. If
C(t) = 2, then ξ1(t) means the elapsed service time for the customer under service and ξ2(t) symbolizes the elapsed
repair time.

In this paper, we use the general theory of stochastic ordering (see [7]) to study monotonicity properties similar
to that of Boualem et al. [1, 2, 4, 5], for a single server retrial queue with server subject to active breakdowns,
i.e., the service station can fail only during the service period, relative to the strong stochastic ordering, convex
ordering and Laplace ordering. The obtained results give insensitive bounds for the stationary distribution of the
considered embedded Markov chain. Numerical illustrations are provided to support the results.

2. Main results

Stochastic ordering is useful for studying internal changes of performance due to parameter variations, to compare
distinct systems, to approximate a system by a simpler one, and to obtain upper and lower bounds for the main
performance measures of systems.

In this paper, we use a monotonicity approach to establish insensitive bounds for some performance measures
of a single-server retrial queue with server subject to active breakdowns by using the theory of stochastic orderings
(see [4]). The proposed technique is quite different from those in Djellab [6] and Wang et al. [8], in the sense
that our approach provides from the fact that we can come to a compromise between the role of these qualitative
bounds and the complexity of resolution of some complicated systems where some parameters are not perfectly
known (e.g. the service times and repair times distributions are unknown). We prove the monotonicity of the
transition operator of the embedded Markov chain relative to strong stochastic ordering and convex ordering. We
obtain comparability conditions for the distribution of the number of customers in the system. The main result of
this paper consists in giving insensitive bounds for the stationary distribution of the considered embedded Markov
chain. Such a result is confirmed by numerical illustrations.

In conclusion, the monotonicity approach holds promise for the solution of several systems with repeated
attempts. Hence, it is worth noting that our approach can be further extended to more complex systems (e.g.
resource allocation problems in mobile networks). Moreover, the qualitative bounds given in this paper may have
an interesting impact on ”robustness analysis”.
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Abstract

In this work, we proposed heuristics, metaheuristics and an hybrid algorithm combining particle swarm
optimization with the simulated annealing (PSO-SA), to solve the flowshop scheduling problem with coupled-
operations in the presence of time lags. The objective is to minimize the makespan. To verify the performance
of the algorithms, computational experiments are performed and the obtained results with the PSO-SA are
compared to the simulated annealing and PSO algorithms.

Key words: flowshop, coupled-operations, makespan, PSO, simulated annealing.

1. Introduction
The flowshop scheduling problem which consists to process n tasks on m machines in the same order is one of the frequently
problem encountered an industrial processes workshop, manufacturing systems and assembly workshops. In the literature,
authors studied several types of the flowshop problems with different variants. In addition to solve these problems, they devel-
oped different approaches such as exact solutions, heuristics and metaheuristics. Recently, metaheuristics become a popular
approach used to solve a large number of combinatorial optimization problems in several areas. In particular, Particle Swarm
Optimization (PSO) is the one of the latest metaheuristic methods in the literature which has been applied successfully to
the scheduling problems in which we find little works in the literature. In [10], Tasgetiren et al are the first to develop PSO
algorithm for solving the scheduling problem to a single machine to minimize total weighted tardiness, as they have proposed
in [9] a PSO for both problems, permutation flowshop to minimize the makespan and maximum lateness, respectively. Still,
for the permutation flowshop problem, Zhigang et al [12] presented an algorithm for PSO to minimize the makespan. Chang-
sheng et al [2] adapted a PSO to solve the classical flowshop problem in order to minimize the completion date of processing
jobs and for the same purpose, Sha and cheng [7] have suggested a hybrid PSO.
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In this work, we proposed to solve the flowshop problem on two machines with coupled-operations by developing heuris-
tics and metaheuristics. The problem consists to schedule n tasks on two machines in order to minimizing the makespan,
such as each task is composed on two operations on the first machine separated by an exact time lag, and only one operation
on the second machine.

The motivation of the coupled-tasks problem stems from a scheduling problem of radar tasks, which consists in the
emission of the pulses and the reception of answers after the time interval. This problem appears also in workshops chemical
production, where one machine must carry out several operations of the same task and an exact delay is imposed between the
execution of each two consecutive operations due to the chemical reactions.

The coupled-tasks scheduling problem was introduced for the first time by Shapiro [8]. Each coupled-tasks consists in
two different operations which are carried out on one machine in the order, separated by an time interval known as a time lag.
In [6], Orman and Potts studied the coupled-tasks problem with one machine in order to minimize the makespan. Blazewicz et
al proved in [1] that the polynomial problem 1/Coup− task, ai = bi = 1, Li = l/Cmax is NP-hard by adding a precedence
constraint between the coupled-tasks. Yu et al [11] proved that the problem on two machines F2/Coup − Task, ai = bi =
1, Li/Cmax is NP-hard. Meziani et al [5] studied the flowshop problem on two machines with the coupled-operations on the
first machine and one operation on the second. They proved in [5] that the problems F2/Coup − Opr(1), ai, bi = Li =
p, ci/Cmax and F2/Coup − Opr(1), ai = Li = p, bi, ci/Cmax are binary NP-hard. They also presented the complexity of
some subproblems in [4].

2. Description of the problem
In this paper, we examined the flowshop scheduling problem on two machines which we described as follows. We consider
the flowshop problem with two machines for which we must schedule a set of n jobs. Each job (see Figure 1) is composed
of a coupled-operations O1,j and an operation O2,j to be processed on the first and the second machine, respectively. The
coupled-operations O1,j of job j is described by a triplet (aj , Lj , bj), where aj and bj represents the processing times of the
first and the second operation of coupled-operations O1,j , respectively. The value Lj is the exact time lag between the two
operations of the couple O1,j . The operation O2,j is described by it processing time cj . The execution of operation O2,j start
only if the coupled-operations O1,j is completed. The objective is to minimize the makespan. The problem is denoted by
F2/Coup−Opr(1), ai, bi, Li, ci/Cmax.

M1

M2

bj

cj

aj

-� Lj

Figure 1: Operations scheduling

3. Proposed Methods
For the resolution of the defined problem, we have proposed several heuristics. These heuristics are based on the uses of
priority rules SPT and LPT, and on Johnson rule [3] to determine the sequence of jobs to be scheduled. To calculate the
values of the makespan, we introduced a parallel algorithm by considering the interleaved jobs. These heuristics are tested
by generating 100 instances such as the processing times of jobs are uniformly distributed. Then, we compared the obtained
results, and we concluded that heuristics based on LPT rule and which uses parallel algorithm performs better than the other
heuristics. Still, to resolve the problem, we also proposed metaheuristics such as simulated annealing and Particle Swarm
Optimization. Moreover, we have developed an hybrid technique by combining these two approaches. However, to evaluate
the performance of these latest algorithms, we have tested and compared their results. In conclusion, we have noted that the
combined algorithm performs better than the other approaches.
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4. Conclusion
We have interested to solve the flowshop scheduling problem on two machines with couple-operations in order to minimize
the makespan. Then, we proposed several heuristics with computational tests for which we compared their results. Also,
we applied the particle swarm optimization algorithm and the simulated annealing to solve the problem. Furthermore, we
developed a particle swarm optimization combined with the simulated annealing for the problem. In order to evaluate the
performance of these approaches, numerical experiments are conducted and the results are compared. The computational
results indicate that the hybridized algorithm performs better than the other proposed metaheuristics.
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Abstract

We are interesting on the study of the scheduling problem on identical parallel machines, where each job
requires a setup time. The preemption of jobs is allowed also an additional setup times are considered for the
preempted jobs. The objective is to minimize the total completion time (makespan). We prove that the problem
is NP-hard. Then we present some heuristics for its resolution.
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1. Introduction
Scheduling consists to assign jobs to machines in order to optimize one or more objectives under several constraints. Among
these constraints, the constraints concerning the machines environment, the mode of treatment, the relationship between jobs
and the times or delays corresponding to the transportation or preparation. The last one, preparation times, are usually called
setup times. Setup times may have different natures: clean-up, set-up, start-up, ...

In scheduling theory, problems with setup times have a lot of interest. At the beginning, the majority of researches
assume that the setup time is negligible or included in the processing time of jobs. This assumption simplifies the analysis of
the problem. However, it affects the quality of solution.

Since 1960s, scheduling problems with separated setup times have been discussed in several studies. In 2008, Allahverdi
et al.[1] presented a survey of scheduling problems with setup times and costs and gave some industrial applications. Sadi-
Nezhad and Darian [5] studied the problem in juice production lines, Pfund et al. [4] studied a scheduling problem with ready
times on identical parallel machines with sequence dependent setups in order to minimize the total weighted tardiness. In
previous works [2, 3], we studied a scheduling problem by considering the premption of jobs and a transportation delays of
the preempted jobs.

In this study, we consider the problem of scheduling a set of n independent jobs {J1, . . . , Jn} on m identical parallel
machines {M1, . . . ,Mm}. Each job Jj has a processing time pj which is assumed to be an integer number. Also, we assume
that all jobs are available at time t = 0. Each job requires setup time denoted sj . The preemption of jobs is allowed. If
one job Jj is preempted on a machine Mi to continue his treatment on another machine Mk, then an additional setup time is
considered. The objective is to minimize the total length of the scheduleCmax. This problem is noted byPm|pmtn, sj |Cmax.
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2. Main results
We prove that the problem P2|pmtn, sj = 1|Cmax is NP-hard by using the reduction to the 2-Partition problem with the
same part (equal size). This leads us to the conclusion that the general problem Pm|pmtn, sj |Cmax is NP-hard too.

Theorem 1. The problem P2|pmtn, sj = 1|Cmax is NP-hard.

We propose lower and upper bounds for the makespan, these bounds will be used for the resolution of the problem. Then,
we give some characteristics of the feasible schedule.

We propose the following bounds:

• The lower bound LB = max{
⌈

1
m

n∑
j=1

pj + sj

⌉
, max
1≤j≤n

{pj + sj}}.

• The upper bound UB =
n∑

j=1

pj + sj , if all jobs are processed by the same machine without preemption.

We prove that for a feasible schedule of the problem Pm|pmtn, sj |Cmax, a job is not preempted on the same machine.

Lemma 2. For any solution of the problem Pm|pmtn, sj |Cmax, a job is not preempted on the same machine.

3. Resolution of the problem Pm|pmtn, sj|Cmax

Recall that the problem is NP-hard, then it is more interesting to use heuristics or metaheuristics that solve the problem with
a large number of jobs and machines. We propose heuristics based on the Mc Naughton and list algorithms. In the first time
we describe an order of jobs according to the processing times, setup times and the sum of the processing and setup times.
After that we proceed to the assignment of jobs using a heuristic HA0 which is described in the following.

Algorithm 1: HA0

• Calculate the lower bound LB = max

{
max

1≤j≤n
{pj + sj} ;

⌈
1
m

n∑
j=1

pj + sj

⌉}
;

• Initialization : t = 0; j := 1;i := 1;
while (j ≤ n) do

if (t+ pj + sj < LB) then
• Assign the job Jj to the machine Mi at time t;
• t := t+ pj + sj ; j := j + 1;
else
(1) if (t+ pj + sj = LB) then
• Assign the job Jj to the machine Mi at time t and the next job to the next machine at time t = 0;
• t := 0; j := j + 1; i := i+ 1;
else
(2) if The remaining time on the current machine is sufficient to prepare and execute one part of this job
then
• The job Jj is preempted, it is processed at the last position on the machine Mi at time t for
(LB − (t+ sj)) units of time and the rest of the job at the first position on the machine Mi+1 at time
t = 0;
else
• Find a job Jind for which (t+ sind + pind ≤ LB), go to (1) or (2);

Heuristic HA0
This heuristic is based on the Mc Naughton algorithm’s. It consists to assign jobs in any order to the first machine until the
lower bound. If one job can not be processed completely then it will be preempted. We verify if the remaining time on the
current machine is sufficient to prepare and execute one part of this job (to the setup time and the execution of a part of the
job). Otherwise we chose another job of the list. The main steps of this heuristic are done by the algorithm 1. The complexity
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of the heuristic HA0 is in O(n).

Heuristic HAi
We define several version of this heuristic according to the order of jobs as following:

• Heuristic HA1 : jobs are arranged in decreasing order of their processing time (pj ↓).
• Heuristic HA2 : jobs are arranged in increasing order of their processing time (pj ↑).
• Heuristic HA3 : jobs are arranged in decreasing order of their setup time (sj ↓).
• Heuristic HA4 : jobs are arranged in increasing order of their setup time (sj ↑).
• Heuristic HA5 : jobs are arranged in decreasing order of the sum of their processing and setup times (pj + sj ↓).
• Heuristic HA6 : jobs are arranged in increasing order of the sum of their processing and setup times (pj + sj ↑).

The heuristics HAi are described as follow:
Algorithm 2: HAi

Begin
• Order the jobs according to one of the previous order.
• Apply the algorithm HA0.
End

The complexity of these heuristics is in O(nlogn).

Numerical experiments
To evaluate the proposed heuristics, some experiments are carried out using different instances. The instances are generated
randomly, for each instance the number of machines m is chosen in the set {2,3,5,10}, the number of jobs n in the set
{100,500,1000}. The processing times (pj) and the setup times (sj) are generated randmly using the uniform law in the
intervals [1,25], [1,50], [25,50] with different combinations. For a fixedm and n we generate 100 instances, for each instance
we calculate the average and the maximum deviation of each heuristic.
The results lead us to conclud that the heuristic HA5 with the decreasing order of the sum of the processing and setup times
of jobs (pj + sj ↓) is better than the others heuristics. It provides solutions with an average deviation of 0,81% from the
lower bound and a maximum deviation of 2,4% for the instances with 100 jobs and 2 machines when the processing and
setup times are generated in the interval [1,50]. For the instances with 500 jobs and 2 machines, it has an average deviation
of 0,11% and a maximum deviation of 0,44% for the same interval. Concerning the instances with pj in [25,50] and sj in
[1,25], the heuristic HA5 has an average and maximum deviations of 0,15% and 1,96% respectively for instances with 100
jobs and 2 machines. For the instances with 500 jobs and 2 machines, it has an average and maximum deviations of 0,06%
and 0,4% respectively. When the processing times are generated in [1,25] and the setup times in [25,50], the heuristic HA5
provides solutions with an average deviation of 1,09% and a maximum deviation of 1,9% for the instances with 100 jobs and
2 machines. It has an average deviation of 0,14% and a maximum deviation of 0,39% for the instances with 500 jobs and 2
machines.

4. Conclusion
In this study, we consider the scheduling problem on parallel machines with preemption and setup times. This problem has
many applications in industry such as manufacturing printed circuit boards, juice production lines and the textile industry. Our
contribution is the study of the complexity of the problem and the proposition of some heuristics to the resolution. According
to the numerical experiments we conclud that the heuristic based on the decreasing order of the sum of the processing and
setup times of jobs is better than the others heuristics. For the futur work, we propose the study of some properties of the
problem and propose a metaheuristic for the resolution.
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1. Introduction

The questions that first triggered our research and lead us to our results are the following:
• Given an arbitrary orientation of a path, what can we say about its existence in a tournament?
• Can we compute the parity of the number of such paths in a tournament? Are there any parameters that, once
fixed, allow us to obtain interesting and simple results in this direction?

The existence of paths in tournaments is a classical problem in graph theory, and so is the parity of the number
of a type of paths in a given tournament. Redei, in [4], proved that any tournament contains a directed path, and
the number of such paths is always odd. The problem of the existence of paths in tournaments was completely
settled by Havet and Thomasse [3] who proved that except for exactly three cases, any tournament contains any
type of oriented paths, proving an earlier conjecture of Rosenfeld [5]. The problem of parity in the general case
was treated by Forcade, who proved in [1] that except for symmetric paths, the parity of the number of paths of a
given type in a tournament depends only on the number of vertices of this tournament. The interesting case related
to antidirected paths was first independently studied by Grunbaum, and Rosenfeld who proved that the parity of
such paths in an odd tournament is even [5]. Grunbaum made the following conjecture [2]:

Conjecture 1. The number of antidirected Hamiltonian paths in a tournament on at least 10 vertices is congruent
to 2 (mod 4).

We disprove this conjecture by simply treating the case of antisymmetric paths, which are a generalization of
antidirected paths. Furthermore, we study the parity of paths in tournaments with a given number of backward
arcs. We prove that this parity can be expressed in a simple form, in terms of combinations, showing that it depends
only on the number of backward arcs and the number of vertices of the tournament.
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Abstract

In this paper, we compute lower bounds of vertex and edge forwarding indices for cartesian product, join,
composition, disjunction and symmetric difference of graphs. Moreover, we show how those lower bounds
changes with several operators on connected graphs, such as subdivision graph and total graphs.
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1. Introduction
A routing R of a connected graph G = (V,E) of order n consists in a set of n(n− 1) elementary paths R(u, v) specified for
all ordered pairs u, v of vertices of G.

To measure the efficiency of a routing deterministically, Chung, Coffman, Reiman and Simon [3] introduced the concept
of forwarding index of a routing.

The load of a vertex v (resp. an edge e) in a given routing R of G = (V,E), denoted by ξ(G,R, v) (resp. π(G,R, e)), is
the number of paths of R going through v (resp. e), where v is not an end vertex. The parameters

ξ(G,R) = max
v∈V (G)

ξ(G,R, v) and π(G,R) = max
e∈E(G)

π(G,R, e)

are defined as the vertex forwarding (resp. the edge forwarding) index of G with respect to R, and

ξ(G) = min
R

ξ(G,R) and π(G) = min
R

π(G,R)

are defined as the vertex forwarding (resp. the edge forwarding) index of G.
The original research of the forwarding indices is motivated by the fact that maximizing network capacity can be reduced

to minimizing vertex-forwarding index or edge-forwarding index of a routing. Thus, the forwarding index problem has been
studied widely by many researchers (see, for example, [1]).

Although, determining the forwarding index problem has been shown to be NP -complete by Saad [8]. The exact
values of the forwarding index of many important classes of graphs have been computed [2]. For more complete results
on forwarding indices, we can refer to the survey of Xu et al. [10].

For a given connected graph G = (V,E) of order n and number of edges m, set
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A(G) =
1
n

∑

u∈V


 ∑

v∈V \{u}
(dG(u, v)− 1)


,

B(G) =
1
m

∑

(u,v)∈V×V

dG(u, v).

where dG(u, v) denotes the distance from the vertex u to the vertex v inG. Let d(G, k) be the number of pairs of vertices
of a graph G that are at distance k.

The following bounds of ξ(G) and π(G) were first established by Chung et al. [3] and Heydemann et al. [6], respectively.

A(G) ≤ ξ(G) ≤ (n− 1)(n− 2),

B(G) ≤ π(G) ≤ b1
2
n2c.

2. Graph Products
The Cartesian product G ×H of graphs G and H is a graph with vertex set V (G) × V (H), and any two vertices (a, b) and
(u, v) are adjacent in G×H if and only if either a = u and b is adjacent with v, or b = v and a is adjacent with u, see [7] for
details.

The join G = G+H of graphs G and H with disjoint vertex sets V (G) and V (H) and edge sets E(G) and E(H) is the
graph union G ∪H together with all the edges joining V (G) and V (H).

The composition G[H] of graphs G and H with disjoint vertex sets V (G) and V (H) and edge sets E(G) and E(H) is
the graph with vertex set V (G)× V (H) and u = (u1, v1) is adjacent with v = (u2, v2) whenever (u1 is adjacent with u2) or
(u1 = u2 and v1 is adjacent with v2),[7].

The disjunction G ∨ H of graphs G and H is the graph with vertex set V (G) × V (H) and (u1, v1) is adjacent with
(u2, v2) whenever u1u2 ∈ E(G) or v1v2 ∈ E(H).

The symmetric difference G⊕H of two graphs G and H is the graph with vertex set V (G)× V (H) and E(G⊕H) =
{(u1, u2)(v1, v2)|u1v1 ∈ E(G)or u2v2 ∈ E(H) but not both}. The following lemma is related to distance properties of
some graph products.

Lemma 1. (Hossein-Zadeh et al. [4])
Let G and H be graphs. Then we have:

1. |V (G×H)| = |V (G ∨H)| = |V (G[H])| = |V (G⊕H)| = |V (G)| × |V (H)|,
|E(G×H)| = |E(G)| × |V (H)|+ |V (G)| × |E(H)|,
|E(G+H)| = |E(G)|+ |E(H)|+ |V (G)|.|V (H)|,
|E(G[H])| = |E(G)|.|V (H)|2 + |E(H)|.|V (G)|,
|E(G ∨H)| = |E(G)|.|V (H)|2 + |E(H)|.|V (G)|2 − 2|E(G)|.|E(H)|,
|E(G⊕H)| = |E(G)|.|V (H)|2 + |E(H)|.|V (G)|2 − 4|E(G)|.|E(H)|.

2. G×H is connected if and only if G and H are connected.

3. If (a, c) and (b, d) are vertices of G×H then dG×H((a, c), (b, d)) = dG(a, b) + dH(c, d).

4. The Cartesian product, join, composition, disjunction and symmetric difference of graphs are associative and all of
them are commutative except from composition.

5. dG+H(u, v) =





0 u = v
1 uv ∈ E(G) or uv ∈ E(H) or (u ∈ V (G), v ∈ V (H))
2 otherwise

6. dG[H]((a, b), (c, d)) =





dG(a, c) a 6= c
0 a = c & b = d
1 a = c & bd ∈ E(H)
2 a = c & bd 6∈ E(H)
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7. dG∨H((a, b), (c, d)) =





0 a = c & b = d
1 ac ∈ E(G) or bd ∈ E(H)
2 otherwise

8. dG⊕H((a, b), (c, d)) =





0 a = c & b = d
1 ac ∈ E(G) or bd ∈ E(H) but not both
2 otherwise

3. Main results
In this section, some exact formulae for expressions A(G) and B(G) of the Cartesian product, composition, join, disjunction
and symmetric difference of graphs are presented.

The Forwarding indices of the Cartesian product graphs were studied in [9]. In the following propositions, we compute
the lower bounds of the forwarding indices A(G) and B(G) for known product graphs.

Theorem 2. Let G and H be connected graphs. Then
A(G+H) = |E(G)|+ |E(H)|,
B(G+H) =

2.(|E(G)|+ |E(H)|)
|E(G)|+ |E(H)|+ |V (G)|.|V (H)| + 1.

Corollary 2.1. Let nG = G1 +G2 + · · ·+Gn denotes the join of n copies of G, then

A(nG) =
n∑

i=1

|E(Gi)|, and B(nG) =
2.
∑n

i=1 |E(Gi)|
|E(nG)| + 1.

Theorem 3. Let G and H be connected graphs. Then
A(G ∨H) = |V (H)||E(G)|+ |V (G)||E(H)|+ 2.|E(G)|.|E(H)|,
B(G ∨H) = 1 + 2.

A(G ∨H)
|E(G ∨H| .

Theorem 4. Let G and H be connected graphs. Then
A(G⊕H) = 2.|E(G)||E(H)|+ |V (H)||E(G)|+ |V (G)|.|E(H)|+ 2.|E(G)||E(H)|,
B(G⊕H) = 1 + 2.

|E(G⊕H)|
|E(G⊕H| .

Theorem 5. Let G and H be connected graphs. Then

A(G[H]) = A(G) +
|E(H)|
|V (H)| ,

B(G[H]) = B(G) +
1

2|E(G[H])|
(
|V (G)||E(H)|+ 2.|V (G)||E(H)|

)
.

4. Graph operations
For a connected graph G, define four related graphs as follows.

Definition 6. Let G be a graph, then

1. S(G) is the graph obtained by inserting an additional vertex in each edge of G. Equivalently, each edge of G is
replaced by a path of length 2.

2. R(G) is obtained from G by adding a new vertex corresponding to each edge of G, then joining each new vertex to the
end vertices of the corresponding edge.

3. Q(G) is obtained from G by inserting a new vertex into each edge of G, then joining with edges those pairs of new
vertices on adjacent edges of G.

4. T (G) has as its vertices the edges and vertices of G. Adjacency in T (G) is defined as adjacency or incidence for the
corresponding elements of G.
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The graphs S(G) and T (G) are called the subdivision and total graph of G, respectively. For more details on these
operations we refer the reader to [11].

In this section, we compute lower bounds of forwarding indices A(G) and B(G) for some graph operations. We use the
following lemma.

Lemma 7. (Yan et Al 2007 [11])
Let G be a graph, then

1. For any v, v′ ∈ V (G), then
dS(G)(v, v′) = dT (G)(v, v′) = dR(G)(v, v′) = dQ(G)(v, v′)− 1 = dG(v, v′).

2. For any e, e′ ∈ E(G), then
dS(G)(e, e′) = dT (G)(e, e′) = dR(G)(e, e′)− 1 = dQ(G)(e, e′) = dL(G)(e, e′).

3. For any e ∈ E(G), v ∈ V (G), then
1
2
.dS(G)(e, v) + 1 = dT (G)(e, v) = dR(G)(e, v) = dQ(G)(e, v).

Theorem 8. If G is the connected graph with m edges and n vertices, then
A(S(G)) = 2.A(T (G))− mn

m+ n
, B(S(G)) = B(T (G))− n

2
.

A(R(G)) = A(T (G)) +
m(m− 1)
2.m+ n

, B(R(G)) = B(T (G)) +
m(m− 1)

2.|E(R(G))| .

A(Q(G)) = A(T (G)) +
n(n− 1)
2.m+ n

, B(Q(G)) = A(T (G)) +
n(n− 1)

2.|E(Q(G))| .

Corollary 8.1. Let G be a connected graph, then

A(S(G)) = A(R(G)) +A(Q(G))−
(
m+ n− 1

2

)
,

B(S(G)) = B(R(G))− 3n+m− 1
6

.
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Abstract

The bandwidth problem is a well known research area in graph theory. We investigate the bandwidth of
some classes of graphs using some combinatorial properties.

Key words: Bandwidth, graphs, Hale’s order.
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1. Introduction
We denote by G = (V,E) a simple undirected graph of order |V (G)| and size |E(G)|. N(v) is a set of vertices adjacent to
vertex v inG and deg(v) = |N(v)| denote its degree. For two vertices u, v ∈ V (G), let dG(u, v) denote the distance between
u and v in G and let D(G) denote the diameter of G.

A numbering of a vertex set V is any function f : V → {1, 2, . . . , |V |}, which is one-to-one (and therefore onto). A
numbering uniquely determines a total order, ≤, on V as follows u ≤ v if f (u) < f (v) or f (u) = f (v) . Conversely, a total
order defined on V uniquely determines a numbering of the graph.

The bandwidth of a numbering of a graph G = (V,E) is the maximum difference

bw (f) = max
uv∈E(G)

|f (u)− f (v)|

The bandwidth of a graph G is the minimum bandwidth over all numberings, f , of G, i.e.

bw (G) = min
f
bw (f)

Papadimitriou [7] proved that the problem of determining the bandwidth of a graph is NP-complete. The bandwidth
problem appears in a lot of areas of Computer Science such as VLSI layouts and parallel computing, see surveys [6] [9].

Many studies have been done towards finding the bandwidth of specific classes of graphs. Harper shows that the labeling
given by the Hale’s order solves the bandwidth problem for Qn and gives explicit formula [6] [9].
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bw (Qn) =
n−1∑

m=0

(
m

m/2

)

Billera and Blanco give the bandwidth of the d− product of a path with n edges, Q(d)
n [3].

bw
(
Q(d)

n

)
=

d−1∑

i=0

R (n, i)

Where R(n, i) is number related coefficients of a polynomial.

Chinn et al give the lower bound of the bandwidth for a connected graph G.

bw (G) ≥
⌈ |V (G)| − 1

D(G)

⌉

Our aim is to give an explicit expression of the bandwidth for some classes of graphs using the notion of coefficients
related to arithmetic triangle or quasi-arithmetic triangle obtained using recurrence rools [1], [2], [4], [8].
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Abstract

The b-chromatic number of a graph G, denoted by b(G), is the largest positive integer k such that there
exists a proper coloring for G with k colors in which every color class contains at least one vertex adjacent
to some vertex in each of the other color classes, such a vertex is called a dominant vertex. The f -chromatic
vertex number of a d-regular graph G, denoted by f(G), is the maximum number of dominant vertices of
distinct colors in a proper coloring with d + 1 colors. El Sahili and Kouider conjectured that b(G) = d + 1
for any d-regular graph G of girth 5. Blidia, Maffray and Zemir [12] reformulated this conjecture by excluding
the Petersen graph and proved it for d ≤ 6. We study El Sahili and Kouider conjecture by giving some partial
answers under supplementary conditions.

Key words: Digraph, isomorphism, k-hypomorphy up to complementation, boolean sum, symmetric graph, tournament.

2010 Mathematics Subject Classification: 05C50; 05C60.

1. Introduction
A graph G is said to be k-regular if d(v) = k for all v ∈ G. A proper coloring of a graph G is a mapping c : V → S such
that c(u) 6= c(v) whenever u and v are adjacent. The set S is the set of available colors. A proper coloring with m colors
is usually called an m-coloring. The chromatic number of G, denoted by χ(G), is the smallest integer m such that G has an
m-coloring. A color class in a proper coloring of a graph G is the subset of V which contains all the vertices with same color.
A vertex of color i is said to be a dominating or dominant vertex if it has a neighbor in each color class distinct from i. A
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color i is said to be a dominant color in G if there exists a dominant vertex of color i. A proper coloring of a graph is called a
b-coloring, if each color class contains at least one dominant vertex. The b-chromatic number of a graph G, denoted by b(G),
is the largest positive integer k such that G has a b-coloring with k colors.
The concept of the b-chromatic number has been introduced by Irving and Manlove [23] when considering minimal proper
colorings with respect to a partial order defined on the set of all partitions of the vertices of a graph. They proved that deter-
mining b(G) is NP-hard for general graphs, but polynomial-time solvable for trees.
Recently, Kratochvil et al. [11] have shown that determining b(G) is NP-hard even for bipartite graphs while Corteel,
Valencia-Pabon, and Vera [25] proved that there is no constant ε > 0 for which the b-chromatic number can be approximated
within a factor of 120/133-ε in polynomial time (unless P=NP).
Obviously, each coloring of G with χ(G) colors is a b-coloring. Also, b(G) ≤ ∆(G)+1. Therefore, for each d-regular graph
G, b(G) ≤ d + 1. Since d + 1 is the maximum possible b-chromatic number of d-regular graphs, determining necessary or
sufficient conditions to achieve this bound is of interest. Hoang and Kouider [7] characterized all bipartite graphs G and all
P4-sparse graphs G such that each induced subgraph H of G satisfies b(H) = χ(H). If we are limited to regular graphs,
Kratochvil et al. proved in [11] that for a d-regular graph G with at least d4 vertices, b(G) = d + 1. In [24], Cabello and
Jakovac reduced the previous bound to 2d3 − d2 + d and then El Sahili et al. [2] showed that b(G) = d + 1 for a d-regular
graph with at least 2d3 + 2d− 2d2 vertices. It was also proved in [2] that b(G) = d+ 1 for a d-regular graph G containing no
cycle of order 4 and with at least d3 + d vertices. It follows from the above results that for any d, there is only a finite number
of d-regular graphs G with b(G) ≤ d. Kouider [15] proved that the b-chromatic number of a d-regular graph of girth at least
6 is d + 1. El Sahili and Kouider [1] proved that the b-chromatic number of any d-regular graph of girth 5 that contains no
cycle of order 6 is d + 1. In [1], El Sahili and Kouider asked whether it is true that every d-regular graph G with girth at
least 5 satisfies b(G) = d+ 1. For cubic graphs, if their girth is at least 6 or have at least 81 vertices, then by the above their
b-chromatic number is 4. Blidia, Maffray and Zemir [12] showed that the Petersen graph provides a negative answer to this
question since they proved that the b-chromatic number of Petersen graph is 3. They also proved that El Sahili and Kouider
conjecture is true for d ≤ 6 except for Petersen graph. Cabello and Jakovac [24] proved that a d-regular graph of girth at
least 5 has a b-chromatic number at least bd+1

2 c. Besides, they proved that every d-regular graph (d ≥ 6) that contains no
cycle of order 4 and its diameter is at least d, has b-chromatic number d+ 1. S. Shaebani [26] improved this result by proving
that b(G) = d + 1 for a d-regular graph G that contains no cycle of order 4 and diam(G) ≥ 6. Also, it was shown in [26]
that ifG is a d-regular graph that contains no cycle of order 4, then b(G) ≥ bd+3

2 c, and ifG has a triangle then b(G) ≥ bd+4
2 c.

2. Main Results
We study the b-chromatic number for d-regular graphs that contain no cycle of order 4 and for those of girth 5. For this
purpose, we introduce a new parameter, the f -chromatic vertex number of a d-regular graph G, which is the maximum
number of dominant vertices of distinct colors in a (d + 1)-coloring of G. It is denoted by f(G). First we prove that
f(G) ≤ b(G) for any d-regular graph G. This result allows us to establish lower bounds of b(G) by studying f(G) which
seems more appropriate. We improve Shaebani result in case d is even by proving that f(G) ≥ dd−1

2 e + 2 for a d-regular
graph G that contains no cycle of order 4. Also we prove that b(G) = d + 1 for a d-regular graph G that contains neither
a cycle of order 4 nor a cycle of order 6, and we provide a condition on the vertices of a d-regular graph G that contains no
cycle of order 4 in order for b(G) to be d + 1. Finally, we show that f(G) ≥ dd−1

2 e + 4 for a d-regular graph G of girth 5
and diameter 5.
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1. Introduction
Un entrelacs L n composantes est une sous varit de l’espace homomorphe une runion disjointe de n copies du cercle S1

(cordes noues et entrelaces). Si n = 1, L est un nœud. Etant donns deux entrelacs, est-ce qu’il y a moyen de dformer l’un
“sans l’altrer” pour obtenir l’autre ? Deux entrelacs lis par une telle opration sont dits de même type.
L’tude mathmatique des types d’entrelacs est apparue au cours de la deuxime moiti du dix-neuvime sicle. Ds le dbut,
l’utilisation de certaines projections planaires des entrelacs appeles diagrammes s’est avre opportune. En 1926, Reidemeister
a tabli que deux diagrammes correspondent un même entrelacs si et seulement si l’un peut être obtenu partir de l’autre par
une une suite finie de trois mouvements qu’il a introduits. Reidemeister a pu ainsi tablir une correspondance biunivoque entre
les types de diagrammes et les types d’entrelacs dans l’espace ramenant ainsi l’tude des types d’entrelacs celle des types de
diagrammes. Finalement, il a pu transformer des questions topologiques sur les entrelacs en problmes combinatoires.
La comparaison des entrelacs repose sur la comparaison d’objets mathmatiques associs appels invariants. Les premiers invari-
ants trouvs taient combinatoires. Cependant, le dveloppement de la topologie algbrique partir du dbut du vingtime a contribu
l’essort d’invariants plutôt algbriques et entam l’intrêt port la combinatoire. Cette tendance s’est maintenue jusqu’au mi-
lieu des annes quatre-vingt lorsque Kauffman a intrprt et calcul de manire combinatoire le puissant invariant polynomial
fraı̂chement dcouvert par Jones. Depuis, les mathmaticiens spcialistes de la thorie des nœuds n’ont cess de porter un intrêt
particulier aux mthodes combinatoires. Nous proposons de mettre en valeur cet aspect de l’tude des entrelacs travers la
prsentation d’invariants combinatoires lmentaires mais efficaces issus de ce qu’on appelle les r-coloriages de Fox. On se
limitera au cas des nœuds.
Soit r un entier naturel non nul. On considre le groupe fini Zr des entiers modulo r. Soit D un diagramme d’un nœud K. A
tout arc de D, on attribue un entier dans Zr appel couleur de l’arc considr de telle façon qu’en chaque croisement, la somme
des couleurs des arcs passant en dessous moins deux fois la couleur de l’arc passant au dessus est gale 0 modulo r. Cela se
ramne la rsolution d’un systme d’quations dans Zr. Une solution de ce systme est appele r-coloriage de Fox de K. Il y a au
moins r solutions dont chacune consiste colorier tous les arcs de la même manire. Ces solutions sont dites triviales.
On effectue un mouvement de Reidemeister sur le diagramme D. Les r-coloriages de D avant d’effectuer le mouvement
sont en correspondance biunivoque avec les r-coloriages du diagramme obtenu aprs le mouvement. Ainsi le nombre de
r-coloriages est un invariant du nœud.

Les r-coloriages de Fox fournissent d’autres invariants efficaces permettant de distinguer des familles de nœuds intres-
santes. Entre autres, on considre ce qu’on appelle le nombre minimal de couleurs d’un nœud K modulo r not Cr(K) dfini
comme suit :

∗Speaker
106



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Etant donn un entier r > 1. On considre un nœud K qui possde des r-coloriages non triviaux. Si D est un diagramme de K,
on note nr,K(D) le nombre minimal de couleurs distinctes attribues aux arcs de D pour produire un coloriage non trivial de
D. On note Cr(K) la plus petite valeur de ces minimums lorsque D dcrit tous les diagrammes de K [1]:

Cr(K) = min{nr,K(D)|D est un diagramme de K}.

On dira qu’un nœud est r-colorable s’il admet un diagramme supportant un coloriage non trivial.
S; Satoh a montr en 2008 que C5(K) = 4 pour tout nœud 5-colorable [3]. Il a aussi remarqu que si p est un entier premier
avec p > 3, alors tout nœud p colorable vrifie Cp(K) ≥ 4. En 2010 K. Oshiro a montr que C7(K) = 4 pour tout nœud
7-colorable [2]. En 2014, T. Nakamura, Y. Nakanishi and S. Satoh on montr que C11(K) = 5 pour tout nœud 11-colorable
[4]. Un rsultat similaire pour p = 13 est imminent.
Nous donnerons un aperu sur ces rsultats, ceux esprs et sur une gnralisation de ces coloriages.
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Abstract

Let G be a simple graph with n-vertices, m edges and Laplacian eigenvalues µ1, µ2, . . . , µn−1, µn = 0.
Brouwer conjectured that Sk(G) ≤ m+

(
k+1
2

)
, for all k = 1, 2, . . . , n, where Sk(G) =

∑k
i=1 µi, is the sum of k

largest Laplacian eigenvalues of G. We obtain the upper bounds for Sk(G) in terms of the clique number ω, the
vertex covering number τ and the diameter d of graphG and as a result we show that Brouwer’s conjecture holds
for some classes of graphs. The Laplacian energy LE(G) of a graph G is defined as LE(G) =

∑n
i=1 |µi − d|,

where d = 2m
n is the average degree of G. We obtain the upper bound for Laplacian energy LE(G) of a graph

G in terms of the number of vertices n, the number of edges m, the vertex covering number τ and the clique
number ω of the graph.

Key words: Laplacian spectrum, clique number, vertex covering number, Laplacian energy.
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1. Introduction
Let G(V,E) be a simple graph with n vertices and m edges having vertex set V (G) = {v1, v2, . . . , vn} and edge set
E(G) = {e1, e2, . . . , em}. The adjacency matrix A = (aij) of G is a (0, 1)-square matrix of order n whose (i, j)-entry is
equal to 1 if vi is adjacent to vj and equal to 0, otherwise. Let D(G) = diag(d1, d2, . . . , dn) be the diagonal matrix associ-
ated to G, where di = deg(vi), for all i = 1, 2, . . . , n. The matrix L(G) = D(G)−A(G) is called the Laplacian matrix and
its spectrum is called the Laplacian spectrum (L-spectrum) of the graph G. Being a real symmetric, positive semi-definite
matrix, let 0 = µn ≤ µn−1 ≤ · · · ≤ µ1 be the L-spectrum of G. It is well known that µn=0 with multiplicity equal to the
number of connected components of G and µn−1 > 0 if and only if G is connected [?].

Let Sk(G) =
k∑
i=1

µi, k = 1, 2, . . . , n be the sum of k largest Laplacian eigenvalues of G and let d∗i (G) = |{v ∈ V (G) :

dv ≥ i}|, for i = 1, 2, . . . , n. In 1994, Grone and Merris [5] conjectured the following.
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Theorem 1.1. (Grone-Merris Theorem) For any graph G and for any k, 1 ≤ k ≤ n

Sk(G) ≤
k∑

i=1

d∗i (G).

This conjecture was proved by Hua Bai [1] and is nowadays called Grone-Merris theorem. As an analogue to Grone-Merris
theorem, Andries Brouwer [2] conjectured the following.

Conjecture 1.2. If G is a graph with n vertices and m edges, then for any k, k = 1, 2, . . . , n

Sk(G) =
k∑

i=1

µi ≤ m+
(
k + 1

2

)
.

Using computations on a computer, Brouwer [2] checked this conjecture for all graphs with at most 10 vertices. For k = 1,
the conjecture follows from the well-known inequality µ1(G) ≤ n (see [3]). Also the cases k = n and k = n − 1 are
straightforward. Haemers et al. [6] showed that the conjecture is true for all graphs when k = 2 and is also true for trees.
Du et al. [4] obtained various upper bounds for Sk(G) and proved that the conjecture is also true for unicyclic and bicyclic
graphs. Rocha et al. [8] obtained various upper bounds for Sk(G), which improve the upper bounds obtained in [4] for some
cases and proved that the conjecture is true for all k with 1 ≤ k ≤ b g5c, where g is the girth of the graph G (the length of
smallest cycle in G is called girth of the graph). They also showed that the conjecture is true for a for connected graph G
having maximum degree ∆ with p pendant vertices and c cycles for all ∆ ≥ c + p + 4. For the progress on this conjecture,
we refer to [2, 6, 7, 8].

A clique of a graph G is the maximum complete subgraph of the graph G. The order of the maximum clique is called
clique number of the graph G and is denoted by ω. A subset S of the vertex set V (G) is said to be a covering set of G if every
edge of G is incident to at least one vertex in S. A covering set with minimum cardinality among all covering sets is called
minimum covering set of G and its cardinality is called vertex covering number of G, denoted by τ . The distance between
any two vertices u and v is defined as the length of shortest path between them and the diameter d of graphG is the maximum
distance among all pair of vertices of G. If H is a subgraph of the graph G, then we denote the graph obtained by removing
the edges in H from G by G \H .

As usual, Kn and Ks,t denote, respectively, the complete graph on n vertices and the complete bipartite graph on s + t
vertices. For other undefined notations and terminology from spectral graph theory, the readers are referred to [3].

The Laplacian energy LE(G) of a graph G is defined as LE(G) =
∑n
i=1 |µi − d|, where d = 2m

n is the average degree
of G.

2. Main results
We present the known upper bounds for Sk(G) in terms of clique number ω due to Du et al. [4]; the upper bound for Sσ(G)
(where σ, 1 ≤ σ ≤ n− 1 is the number of Laplacian eigenvalue greater than or equal to 2m

n ), in terms of the clique number
ω, the number of edges m and the maximum degree ∆ due to SP and Hilal [7]. We discuss the lower bound for Sω(G) in
terms of the clique number ω and the maximum degree ∆ due to SP and Hilal [7]. We obtain the upper bound for Sk(G), in
terms clique number ω and vertex covering number τ . We present a recent upper bound for Sk(G) in terms vertex covering
number τ and diameter d of the graph G.

We show that Brouwer’s conjecture holds for some classes of graphs. (1). For a connected graph G of order n ≥ 24

having clique number ω ≥ 7n
8 , we have Sk(G) ≤ m +

k(k + 1)
2

, for all k = 1, 2, . . . , bn2 c. (2). If G ∈ Ωn, then

Sk(G) ≤ m+
k(k + 1)

2
, for all k, 1 ≤ k ≤ n. (3). LetG be a connected graph of order n ≥ 2 withm edges having the vertex

covering number τ ≤ 1.3s1. IfKs1,s1 , is the maximal complete bipartite subgraph of graphG, then Sk(G) ≤ m+
k(k + 1)

2
,

for all k = 1, 2, . . . , n. (4). Let G be a connected bipartite graph of order n ≥ 2 with m edges having the vertex covering

number τ . If Ks1,s1 , s1 ≥ n
4 is the maximal complete bipartite subgraph of graph G, then Sk(G) ≤ m +

k(k + 1)
2

, for all
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k ≤ n
7 − 1 and k ≥ 6n

7 .

As an application of the above work, we obtain an upper bound for Laplacian energy LE(G) in terms clique number ω
and vertex covering number τ ; and an upper bound for Laplacian energy LE(G) in terms of vertex covering number τ . and
positive integers s1 and s2.
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Résumé

On considère un problème d’ordonnancement de type flow shop avec recirculation sur la première machine,
où les opérations d’une tâche sont ordonnancées sur les machines d’une manière continue. L’objectif est de
minimiser le makespan. Comme ce problème est NP-difficile au sens fort, nous proposons une métaheuristique
pour le résoudre.

Key words : flowshop, recirculation, makespan, métaheuristique.
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1. Introduction
Dans ce travail, on s’intéresse à un problème d’ordonnancement d’atelier de type flowshop avec recirculation sur la

première machine en présence de la contrainte de sans attente (no-wait en Anglais). La contrainte sans attente signifie qu’au-
cune attente entre deux opérations d’une même tâche n’est permise. Donc, chaque tâche Tj doit être traitée d’une manière
continue : d’abord sur la première machine, ensuite sur la deuxième machine M2, jusqu’à la dernière machine Mm et puis
elle revient pour une deuxième exécution sur la première machine M1 (la dernière opération). L’objectif est de minimiser la
date de fin de traitement de l’ensemble des tâches. Ce problème est noté Fm |chain− reentrant, no− wait|Cmax.

On note par :
aj : Le temps de traitement de la première opération de la tâche Tj sur la première machine.
bji : Le temps de traitement de la tâche Tj sur la machine Mi, i = 2, . . . ,m.
cj : Le temps de traitement de la deuxième opération de la tâche Tj sur la première machine.

Notons que le problème F2|no−wait|Cmax est résolu en temps polynomial par l’algorithme de Gilmore et Gomory [3].
Cependant, ce problème est NP-difficile au sens fort lorsque le nombre de machines devient égal à trois Rock [4]. Dans Am-
rouche et Boudhar [1] nous avons considéré un problème d’ordonnancement d’atelier de type flow shop avec recirculation et
en présence d’un temps de latence exacte, ce problème a été noté F2|chain− reentrant, lj = L|Cmax. Nous avons montré

∗Speaker
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FIG. 1 – Schéma d’exécution des tâches dans le problème F3|chain− reentrant, no− wait|Cmax

que ce problème est NP-difficiles au sens fort et nous avons présenté des sous problèmes polynomiaux pour le résoudre.

Dans le présent papier nous montrons que les sous problèmes suivants :

-F2 |chain− reentrant, no− wait, bj ∈ {0, L}, cj ∈ {0, L+ 1}|Cmax

-F2 |chain− reentrant, no− wait, aj ∈ {0, L+ 1}, bj ∈ {0, L}|Cmax

-F2 |chain− reentrant, no− wait, aj = cj ∈ {0, L}|Cmax

Sont NP-difficile au sens ordinaire et ceci par une réduction du problème de 2-partition qui est NP-difficile au sens ordi-
naire Garay et Johnson [2].

Pour la résolution du problème générale Fm|chain − reentrant, no − wait|Cmax un algorithme génétique avec des
expérimentations numérqiues est présenté.
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Abstract

Our work is to solve a problem of optimal control with perturbed initial condition.The aim of the problem
is to reach a target with a given probability. In this work, we transform a stochastic optimal control problem
into an equivalent deterministic and known problem using the inverse of the density function and they solve this
latter using the adaptive method of Gabasov and Kirillova

Key words: optimal control, support control, random variable, stochastic dynamic problem .

1. Introduction
When a real problem is mathematically modeled and solved by means of mathematical method it may happen that some of
the parameters which figure in the problem are unknown, whether it appears in the objective function or in the constraints.
If these parameters of unknown value can be taken as random variables the resulting problem becomes a stochastic problem
. In this study, we assume that the components of the initial state are continous random variables defined on the space of
probability (Ω,Ξ, P ), of known distribution with a probability to reach the target, so the stochastic dynamic system which
we consider is as follows:





J(u(t)) = E(ćx(tf ))→ maxu (1)
ẋ = Ax+ bu, x(t0) = xt0(ω) (2)
P (Hix(tf ) ≤ gi) = αi, i = 1,m (3)
d1 ≤ u(t) ≤ d2 (4)
t ∈ T = [t0, tf ]

(Ip)

where, x(t) ∈ <n, x(t0) the initial state, A ∈ <n × <n, the rank of H = m < n, b ∈ <m, g ∈ <m, ć ∈ <n, u(t) ∈ <,
t ∈ T the control, J(u(t)) is the objective function and tf is the final time, αi is the individual probability for each of the
constraints .
The idea to solve this type of problem is the transformation into equivalent problem .This transformation is achieved by the
determination of the standardised function, witch is very complicated.
For this raison we make the hypothesis that xt0(ω) follows a normal distribution of expected value x̄t0and covariance matrix
Γxt0

.
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2. problem modelling
By the Cauchy formula, the solution of system (2) can be written in the form:

x(tf ) = F (tf )(xt0 +
∫ tf

t0

F−1(t)bu(t)dt) (5)

where F (t) is the solution of the system: ˙F (t) = AF (t),F (0) = In, where In represents the identity matrix of order n.
Using the solution (5), the problem Ip become:





J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
ćF (tf )F−1(t)bu(t)dt→ maxu

p(Hix(tf )xt0 +
∫ tf

t0
HiFi(tf )F−1

i (t)bu(t)dt ≤ gi) = αi

d1 ≤ u(t) ≤ d2

t ∈ T = [t0, tf ]

⇒





J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
ćF (tf )F−1(t)bu(t)dt→ maxu

p(HiFi(tf )xt0 ≤ gi −
∫ tf

t0
HiFi(tf )F−1

i (t)bu(t)dt) = αi

d1 ≤ u(t) ≤ d2

t ∈ T = [t0, tf ]

We put vi = HiFi(tf ), and we have x̄t0 is the expected value vector of xt0(ω) and Γxt0
its variance and covariance matrix,

then the expression of the expected value of random variable vxt0 is vx̄t0 and its variance is v́Γxt0
v wich implies that:[3]





J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
ćF (tf )F−1(t)bu(t)dt→ maxu

P ( vixt0−vix̄t0√
v́iΓxt0

vi
≤ gi−

∫ tf
t0

HiFi(tf )F−1
i (t)bu(t)dt−vix̄t0√

v́iΓxt0
vi

) = αi

d1 ≤ u(t) ≤ d2

t ∈ T = [t0, tf ]

⇒





J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
ćF (tf )F−1(t)bu(t)dt→ maxu

Φi(
gi−

∫ tf
t0

HiFi(tf )F−1
i (t)bu(t)dt−vix̄t0√

v́iΓxt0
vi

) = αi

d1 ≤ u(t) ≤ d2

t ∈ T = [t0, tf ]

where Φ is the standardised normal distribution function. we know that if Φ(α) = β then α = Φ−1(β)

⇒





J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
ćF (tf )F−1(t)bu(t)dt→ maxu∫ tf

t0
HiFi(tf )F−1

i (t)bu(t)dt = gi − vix̄t0 − Φ−1
i (αi)

√
v́iΓxt0

vi

d1 ≤ u(t) ≤ d2

t ∈ T = [t0, tf ]

we put: c̃(t) = ćF (tf )F−1(t)b, ϕi(t) = HiFi(tf )F−1
i (t)b, zi = gi − vix̄t0 −

√
v́iΓxt0φ

−1
i (αi)

Then the equivalent problem is:




J(u(t)) = ćF (tf )xt0 +
∫ tf

t0
c̃(t)u(t)dt→ maxu (6)∫ tf

t0
ϕi(t)u(t)dt = zi (7)

d1 ≤ u(t) ≤ d2 (8)
t ∈ T = [t0, tf ], i = 1,m

(Ep)

Definition 1.
A control u(t) is called admissible if and only if it verified the constraints

(7)− (8)
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Definition 2.
An admissible control u0(t), at which the objective function achieves maximal value is named an optimal control and for

given value ε > 0, is called ε-optimal if it satisfies the inequality :

J(u0)− J(uε) ≤ ε

Theorem 3.
The Kalman rank condition states a linear autonomous system of the form ẋ = Ax+ bu is controllable if and only if the

matrix: C = (b, Ab,A2b, ...., An−1b) is of rank n

3. Method of resolution
It’s a direct method based on 3 procedures:

1. Discretization

2. Adaptive method

3. Final procedure

4. Numerical example




x2(1)→ maxu

ẋ1 = x2

ẋ2 = u
P (x1(1) ≤ 2) = 0.8
x0 = x0(ω) (m,σ2)

Where: A =
(

0 1
0 0

)
, b =

(
0
1

)
, F (t) =

(
1 t
0 1

)
, F−1(t) =

(
1 −t
0 1

)
, Γx0 =

(
3 1
1 3

)
, x̄0 =

(
1 2

)
,

c =
(

0 1
)
,ε = 103,µ = 0.02, H =

(
1 0

)
,N = 4, φ−1(0.9) = 1.56

By using the algorithm implimented under MATLAB, the result of the problem is given in the following table
J(u) 4.3923
τB 0.2679
x(tf ) 8.3205 4.3923
u(t) −1 1

time(s) 1.4728

5. Conclusion
In this work we have solved a terminal probleme of linear dynamic system with perturbed initial condition and with a
probability to reach a target by a method based on three procedures:Discretization, Adaptive method and Final procedure
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Abstract

Kernel methods are powerful tools in machine learning. In this paper, we present a novel approach to
compute the string subsequence kernel (SSK). Our main idea is that we can represent all string subsequences
by a weighted automaton. Thus the SSK computation of two strings can be achieved by automata intersection.
The proposed approach can be used to compute efficiently the subsequence kernel between two sets of strings.

Key words: string subsequence kernel, Weighted automata .

1. Introduction
Kernel methods [3] offer an alternative solution to the limitation of traditional machine learning algorithms. They allow to
discover non-linear relations and enable other data type processings (biosequences, images, graphs, . . . ).

Machine learning community devotes a great effort of research to string kernels. The philosophy of all string kernels
can be reduced to different ways to count common substrings or subsequences that occur in both strings to be compared,
say s and t. In the literature, there are several approaches to improve the computation of the SSK. The first one is based
on dynamic programming; Lodhi et al. [5] apply dynamic programming paradigm to the suffix version of the SSK. They
achieve an O(p|s||t|) complexity , where p is the length of the SSK. Later, Rousu and Shawe-Taylor [6] propose an improve-
ment to the dynamic programming approach based on the observation that most entries of the dynamic programming matrix
(DP) do not really contribute to the result. They use a set of match lists combined with a sum range tree. They achieve
an O(p|L| log min(|s|, |t|)) complexity, where L is the set of matches of characters in both strings. Beyond the dynamic
programming paradigm, the trie-based approach [4, 6, 7] is based on depth first traversal on an implicit trie data structure.
The idea is that each node in the trie corresponds to a co-occurrence between strings. But the number of gaps is restricted, so
the computation is approximate. Recently Bellaouar et al. [2] have proposed a list based approach using a layerd range tree
(LRT) data structure. The Whole task takes O(|L| log |L|+ pK) time and O(|L| log |L|+K) space, where |L| is the size of
list, p is the length of the SSK and K is the total number of reported points.

Motivated by the computation of the subsequence kernel for a set of strings, in this paper we propose an adequate
representation of strings to be compared. Our main idea consists on mapping a machine learning problem on automata theory
field. Precisely, we have proposed a weighted automaton construction to represent all susbequences of some string. The
intersection of such weighted automata with some filtering of redundant paths substitute the SSK computation. Moreover,
using our construction to represent a set of strings can be a first step to compute their subsequence kernel.

∗This work is supported by Algeria/South Africa joint project under code: A/AS-2013-002.
†Speaker

116



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

2. Main results
The philosophy of all string kernel approaches can be reduced to different ways to count common substrings or subsequences
that occur in the two strings to compare. This philosophy is manifested in two steps:

• Project the strings over an alphabet Σ to a high dimension vector space F , where the coordinates are indexed by a
subset of the input space.

• Compute the distance (inner product) between strings in F . Such distance reflects their similarity.

For the String Subsequence Kernel (SSK) [5], the main idea is to compare strings depending on common subsequences they
contain. Hence, the more similar strings are ones that have the more common subsequences. In order to measure the distance
of non contiguous elements of the subsequence, a gap penalty λ ∈]0, 1]is introduced. Formally, the mapping function φp(s)
in the feature space F can be defined as follows:

φp
u(s) =

∑

I:u=s(I)

λl(I), u ∈ Σp. (1)

(for the definitions of I, s(I) and l(I) see [2]). The associated kernel can be written as:

Kp(s, t) = 〈φp(s), φp(t)〉
=

∑

u∈Σp

φp
u(s).φp

u(t)

=
∑

u∈Σp

∑

I:u=s(I)

∑

J:u=t(J)

λl(I)+l(J). (2)

Our main idea consists of mapping an SSK problem to automata theory field. To do so, we first propose a construction
algorithm of a weighted automaton representing all subsequences of some string. Such construction is the first step to express
the formula in (1). To describe our approache, we use two strings s = gatta and t = cata as a running example. The weighted
automaton associated to the string t is illustrated in Figure 1.

q0start q1 q2 q3 q4
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q7

c\λ

c\λ
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ε\λ

a\λ

t\λ
ε\λ

t\λ

t\λ
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a\λ

a\λ
t\λ

t\λ

ε\1

a\λ

Figure 1: Weighted automaton of all subsequences associated to the string t = cata

The computation of the SSK is achieved by performing the intersection of the weighted automata associated to the
compared strings A(s) ∩ A(t). However, the application of the ordinary intersection (ε-free case) would generate redundant
ε-paths and leads to incorrect results.
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To overcome this problem, we have adapted a solution applied to transducers in [1]. Accordingly, we have renamed the
existing ε-labels of A(s) as ε1 and the ε-labels of A(t) as ε2 and augment A(s) with a self loop labelled with ε2 at all states
and A(t) with a self loop labelled with ε1 at all states as illustrated in Figure 2
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ε2\λ

t\λ

t\λ

ε2\1
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a\λ

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

ε1\1

Figure 2: he augmented Weighted automaton A′(t) associated to the string t = cata

Thereafter, we have to discard redundant ε-paths by performing the result of intersection of the augmented weighted
automata with a filter automaton shown at Figure 3 ( A′(s) ∩ A′(t) ∩ F).

q0

start

q1q2
ε1

Σε2

Σ

Σ ε1\1ε2\1

Figure 3: Filter automaton F discarding redundant ε-paths

So far, our computation is general, i.e. we compute the all-subsequences kernel. To deal with the SSK (formula 2),
we have to restrict the computation to subsequences of a given fixed length p. To achieve this goal we have kept the same
intersection operation with a p− gram automaton (A′(s)∩A′(t)∩F ∩Pgram). Figure 4 illustrate the construction method
of such automaton for p = 2.
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q0start q1 q2
c, a, t, g\1 c, a, t, g\1

ε\1 ε\1

Figure 4: 2−gram automaton (Pgram) to restrict the computation of the SSK to the subsequences of length p = 2

3. Conclusion
We have presented a novel approach to compute the String Subsequence Kernel (SSK). We started by the construction of
the weighted automata for all subsequences of the strings to be compared. The ε-labels of the weighted automata engender
redundant ε-paths while performing the intersection. To overcome this problem we have augmented the constructed automata
with ε1 and ε2 and we have applied the intersection with a filter automaton (F) to discard redundant ε-paths. To evaluate the
SSK of length p we have reapplied the intersection with a pgram (Pgram) automaton.

The application of the intersection with the filter and the pgram automata doesn’t influence the complexity of the SSK
computation because they contain a constant number of transitions.

A noteworthy advantage is that the variation of the pgram automaton can give rise to a variety of string kernels.
We conjecture that using our approach with an intelligent intersection on the one hand and the construction of prefix

weighted automaton for a set of strings on the other hand gives efficient and competitive solution to the kernel method
computations.
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Abstract

We introduce Φm-statistic on linear square-and-domino tilings. We prove that the distribution of this statistic
over the set of tilings will give us the generalized q-Fibonacci polynomials of Cigler. Furthermore, we provide
bijective proofs of some identities involving the q-Fibonacci polynomials.
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1. Introduction
Cigler [3] has introduced and studied a generalization of q-Fibonacci polynomials defined by

Fn+1(x, y;m) =
∑

k≥0

q(
k+1
2 )+m(k

2)
(
n− k
k

)

q

ykxn−2k,

where
(
n
k

)
q

is the q-binomial coefficient given by

(
n

k

)

q

=
[n]q!

[k]q![n− k]q!
.

with [n]q! :=
∏n
i=1[i]q and [i]q := 1 + q + q2 + · · ·+ qi−1.

The polynomials Fn(x, y;m) satisfy the two following recurrences relations

Fn+1(x, y;m) = xFn(x, qy;m) + qyFn−1(x, qm+1y;m),

and
Fn+1(x, y;m) = xFn(x, y;m) + qnyFn−1(x, qmy;m).
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with initial values F0(x, y;m) = 0 et F1(x, y;m) = 1. The first polynomials are given by

F1(x, y;m) = 1
F2(x, y;m) = x

F3(x, y;m) = x2 + qy

F4(x, y;m) = x3 + qyx+ q2yx

F5(x, y;m) = x4 + qyx2 + q2yx2 + q3yx2 + qm+3y2

Note that when m = 0 and m = 1 we obtain the classical q-Fibonacci polynomials of Cigler [3] and Carlitz [1],
respectively.

Fn+1(x, y; 0) =
∑

k≥0

q(
k+1
2 )
(
n− k
k

)

q

,

and

Fn+1(x, y; 1) =
∑

k≥0

qk
2
(
n− k
k

)

q

.

Let Tn,k denote the set of linear tiling of a (1 × n)-board with cells labeled 1, 2, . . . , n arranged in a row by k dominos
and n− 2k squares, where each domino covered two cells, and a square is a piece covering single cell. Shattuck and Wagner
[8, 9, 10] have studied some statistics on the set of tilings Tn,k and they established the following connection

Fn+1(1, y; 1) =
∑

0≤k≤bn/2c

∑

t∈Tn,k

qσ(t)yν(t).

where ν(t) is the number of dominos in the covering t and σ(t) is the sum of the numbers covered by the left halves of each
of those dominos

The aim of this work is to give a new statistic with distribution over the set of tilings Tn,k given by the polynomials
Fn(x, y;m). Moreover, we provide bijective proofs of some identities involving the polynomials Fn(x, y;m).

2. Main results
Given a tiling t = t1t2 . . . tn where ti ∈ {square, domino} for 1 ≤ i ≤ n, we define the statistics inv(t) and ninv(t) on
tiling t as follows.

inv(t) := #{(i, j) : i < j et ti > tj},
and

ninv(t) := #{(i, j) : i < j et ti = tj = domino},
For example, if n = 5 and t = dsdds (see Figure 1 below), then inv(t) = #{(1, 2), (1, 5), (3, 5), (4, 5)} = 4 and

ninv(t) = #{(1, 3), (1, 4), (2, 3)} = 3.

1 2 3 4 5 6 7 8

Figure 1: The tiling t = dsdds.

Definition 1. Let t = t1t2 . . . tn be a linear tiling, we define the Φm-statistic as follows

Φm(t) := (m+ 1)ninv(t) + inv(t) + ν(t).
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Theorem 2. For any n ≥ 0, Fn+1(x, y;m) is the generating polynomial of the set
⋃
k≥0 Tn,k according to Φm-statistic.

Fn+1(x, y;m) =
∑

k≥0

∑

t∈Tn,k

qΦm(t)yν(t)xn−2ν(t).

For example, there are 5 tilings in the set
⋃

0≤k≤2 T4,k,

ninv(t) = 1, inv(t) = 0, ν(t) = 2, Φm(t) = m+ 3

ninv(t) = 0, inv(t) = 2, ν(t) = 1, Φm(t) = 3

ninv(t) = 0, inv(t) = 1, ν(t) = 1, Φm(t) = 2

ninv(t) = 0, inv(t) = 0, ν(t) = 1, Φm(t) = 1

ninv(t) = 0, inv(t) = 0, ν(t) = 0, Φm(t) = 0.

Then, we have
∑

0≤k≤2

∑

t∈T4−k,k

qΦm(t)yν(t)xn−2ν(t) = qm+3y2 + q3yx2 + q2yx2 + qyx2 + x4.

Corollary 2.1. The statistics Φ0, π and Φ1, σ are are equidistributed on the set Tn,k, i.e
∑

t∈Tn,k

qΦ0(t) =
∑

t∈Tn,k

qπ(t) and
∑

t∈Tn,k

qΦ1(t) =
∑

t∈Tn,k

qσ(t).
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Abstract
In this talk we define a new family of p-Cauchy numbers by means of the confluent hypergeometric function.
We establish some basic properties. As consequence, a number of algorithms based on three-term recurrence
relation for computing Cauchy numbers of both kinds, Bernoulli numbers of the second kind are derived.
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1. Introduction
The Cauchy numbers of both kinds are introduced by Comtet [1] as integral of the falling and rising factorials

c(1)n :=

1∫

0

{x}n dx, and c(2)n :=

1∫

0

(x)ndx.

These numbers appears in diverse contexts, like number theory, special functions and approximation theory. Recently, many
research articles have been devoted to Cauchy numbers of both kinds and many generalization are introduced (poly-Cauchy
numbers, hypergeometric Cauchy numbers, generalized Cauchy numbers). As an example of a recent application of the
Cauchy numbers of both kinds see [2], where Masjed-Jamei et al. have derived the explicit forms of the weighted Adams-
Bashforth rules and Adams-Moulton rules in terms of the Cauchy numbers of the first and second kind.

In this talk, a number of algorithms based on three-term recurrence relation for calculating Cauchy numbers of both kinds are
derived. In particular, we prove the following recurrence relation for computing Bernoulli numbers of the second kind [3].
First, we construct an infinite matrix (bn,p)n,p≥0 as follow: the first row of the matrix is b0,p := 1 and each entry is given by

bn+1,p =
1− n
1 + n

bn,p −
p+ 1

(p+ 2) (1 + n)
bn,p+1.

Finally, the first column of the matrix are Bernoulli numbers of the second kind bn,0 := bn.
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1. Introduction

The Fibonomial coefficient
(
n
k

)
F

is define, for 1 ≤ k ≤ n, as
(
n

k

)

F

=
FnFn−1...Fn−k+1

FkFk−1...F1
,

where Fn is, for n ≥ 0, the Fibonacci sequence defined as Fn = Fn−1 + Fn−2 with F0 = 0 and F1 = 1.
fn = Fn+1 counts tiling of a 1× n board with squares and dominoes[1], There are two possible ways to tile the end

of 1× n board, wether by a square and in this case it remains to tile 1× (n− 1) board in Fn−1 possible ways, or by a
domino and the remaining 1× (n− 2) board can be completed with Fn−2 possible ways.

Benjamin and Plott gave a combinatorial interpretation of fibonomial coefficients using tiling by squares and dominoes[2],
they established the following formula:

Theorem 1. (
n

k

)

F

=
∑∑

...
∑

1≤x1<x2<...<xk−1≤n−1

k−1∏

i=1

F
xi−xi−1−1
k−i Fn−xi−(k−i)+1.

When squares and dominoes are colored, they obtained the Lucas sequence, for n ≥ 2,
Un = a.Un−1 + b.Un−2 with U0 = 0, U1 = a .Where a (resp b) is the squares(resp dominoes)’s colors number. For the
sequence Un they obtained:

Theorem 2. (
n

k

)

U

=
∑∑

...
∑

1≤x1<x2<...<xk−1≤n−1

k−1∏

i=1

bxk−1−(k−1)U
xi−xi−1−1
k−i Un−xi−(k−i)+1.
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2. Main results

We are proposing to demonstrate the associated formula to the interpretation of tiling with squares and linear triominos,

∑∑
...
∑

1≤x1<x2<...<xk−1≤n−k

k−1∏

i=1

Φk−i+1(Φk−i + Φk−i−1)xi−xi−1−1Φn−2k−xi+i+1.

Where x0 = 0 and Φn is defined by





Φn = 0 for n < 0,
Φ0 = Φ1 = Φ2 = 1,
Φn+1 = Φn + Φn−2.
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Abstract

There are several properties which make the mixture time series models potentially useful in economic stud-
ies and financial modeling. Indeed, these models are among the most powerful tools for modeling some stylized
features exhibited by many time series such as volatility clustering, multimodality, tail heaviness, change in
regime and asymmetry. In this talk, we will discuss and evaluate some new dynamic mixture periodic time se-
ries models, and we will show their advantage and performance in modeling the periodic conditional volatility.
We will provide some probabilistic properties of these models, namely strict and second-order periodic station-
arity, periodic ergodicity and existence of higher order moments. Parameters estimation via the Expectation-
Maximization (EM ) algorithm and model selection method will be discussed in details. To demonstrate the
usefulness of the EM algorithm, we will present some Monte Carlo experiments. Applications to the daily
Standard and Poor Composite 500 stock price index (S&P 500) and the exchange rate of the Algerian Dinar
(DZD) against the U.S.-Dollar (USD) and Euro (EUR) provide some new insights into these periodic time
series. Finally, we will discuss the limitations of the existing formulations and give suggestions for further
research.

Key words: Mixture models, Periodically correlated process, Mixture PGARCH models, periodic stationarity, periodic
ergodicity, higher order moments, EM algorithm.

2010 Mathematics Subject Classification: 62M10; 60G10; 60J05.

References
[1] A. Aknouche and M. Bentarzi (2008) On the existence of higher-order moments of periodic GARCH models. Statistics

& Probability Letters, 78, 3262 3268.

[2] A. Aknouche and A. Bibi, (2009), Quasi-maximum likelihood estimation of periodic garch and periodic armagarch
processes. Journal of Time Series Analysis, 30, 19-46

[3] A. Aknouche and H. Guerbyenne (2009), On some probabilistic properties of double periodic AR models. Statistics &
Probability Letters, 79, 407-413.

[4] M. Bentarzi and F. Hamdi (2008a), Mixture Periodic Autoregressive Conditional Heteroskedastic Models. Computa-
tional Statistics & Data Analysis, 53, 1-16.

[5] M. Bentarzi and F. Hamdi (2008b), Mixture Periodic Autoregression with Periodic ARCH Errors. Advances and Ap-
plications in Statistics, 8, 219-246.

∗speaker
125



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

[6] A. Bibi and A. Aknouche (2008), On Periodic GARCH Processes: Stationarity, Existence of Moments and Geometric
Ergodicity. Mathematical Methods of Statistics, 17, 305-316.

[7] T. Bollerslev (1986), Generalized autoregressive conditional heteroscedasticity. Journal of Econometrics, 51, 307-327.

[8] G. Boshnakov (2011), On First and Second Order Stationarity of Random Coefficient Models. Linear Algebra and its
Applications, 434, 415-423.

[9] P. Bougerol and N. Picard (1992), Strict stationarity of generalized autoregressive processes. Annals of Probability, 20,
1714-1730.

[10] A.P. Dempster, N.M. Laird and D.B. Rubin (1977), Maximum likelihood from incomplete data via the EM algorithm
(with discussion). Journal of the Royal Statistical Society, Series B, 39, 1-38.

[11] C. Francq and J.M. Zakoian (2005), The L2-structures of standard and switching-regime GARCH models. Stochastic
Processes and their Applications, 115, 1557-1582.

[12] F. Hamdi and S. Souam (2013), Mixture Periodic GARCH models: Applications to Exchange Rate Modeling. 5th
international conference on modeling, simulation and applied optimization. IEEE xplore, Print ISBN: 978-1-4673-
5814-9

[13] F. Hamdi (2015), A Note on the Order Selection of Mixture Periodic Autoregressive Models, 6th international confer-
ence on modeling, simulation and applied optimization. IEEE xplore, Print ISBN: 978-1-4673-6601-4.

[14] Q. Shao (2006), Mixture periodic autoregressive time series models. Statistics & Probability Letters, 76, 609-618.

[15] C.S. Wong and W.K. Li (2000), On a mixture autoregressive model. Journal of the Royal Statistical Society, Series B,
62, 95-115.

[16] C.S. Wong and W.K. Li (2001), On a mixture autoregressive conditional heteroscedastic model. Journal of the American
Statistical Association, 96, 982–995.

[17] Z. Zhang, W.K. Li and K.C. Yuen (2006), On a mixture GARCH time-series model. Journal of Time Series Analysis,
27, 577-597.

126



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Periodic stationarity and existence of moments of
Markov-switching PARMA processes

Billel ALIAT1∗, Fayçal HAMDI2
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Abstract

In this work, we present a generalization of the classical ARMA Markov-switching models to the periodic
time-varying case. In addition of capturing regime switching often encountered during the study of financial
series, this new model also captures the periodicity feature in the autocorrelation structure. We present results
on the strict periodic stationarity, second-order periodic stationarity and the existence of higher order moments.

Key words: Markov-switching models, moment, periodic stationarity.
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1. Introduction
Periodic time series models have proved useful and appropriate for modelling many time series encountered in practice, which
are characterized by a periodic autocorrelation structure. Indeed, many periodic time series models have been introduced in
the literature, among which we find the periodic autoregressive moving average (PARMA) models. These models have
been studied extensively by many authors (see e.g., Pagano, 1978; Vicchia, 1985; Bentarzi and Hallin, 1994; Boshnakov,
1996; Ula and Smadi, 1997; Lund and Basawa, 2000; Shao and Lund, 2004; Anderson and Meerschaert, 2005; Bentarzi
and Aknouche, 2005; Bentarzi and al., 2008; Aknouche and Hamdi, 2009; Hamdi, 2012; and many others). The succes of
PARMA models is due to their efficient representation of many stochastic phenomena exhibiting a periodic autocorrelation
structure that cannot be adequately explained by the traditional seasonal ARIMA (SARIMA) models. Another important
reason for the growing interset is that they can be exploited in the analysis of vector ARMA models (V ARMA) in order to
reduce, appreciably, the number of model parameters (e.g., Pagano, 1978; Newton, 1982).

However, financial time series exhibit complex statistical dynamics which are difficult to reproduce with stochastic linear
models. These dynamics are often referred to as the stylized facts of financial data and include, among others, the volatility
clustring, the heavy-tailed marginal distributions, the regime changes, and the multimodality. These properties make standard
time series models, such as ARMA processes, inappropriate for such series. For this reason, many non linear time series
models were introduced to capture these features.

Markov-switching (MS) models have attracted a lot of atention in the econometric literature since the seminal paper
of Hamilton (1989) and continue to gain popularity especially in financial time series which exhibits structural changes. In
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MS models, the parameters are allowed to depend on the state of an unobserved Markov chain. At each period of time, so
there is a certain probability to belong to a regime and a transition probability from one regime to an other. Several works
concerning the study of Markov-switching autoregressive moving average models (MS-ARMA) were established by many
authors, such as Hamilton (1994), Kim (1994), Krolzig (1997), Francq and Zakoı̈an (2001, 2002), Zhang and Stine (2001),
Psaradakis and Spagnolo (2003, 2006), Douc and al. (2004), Lee (2005), Chen and Tsay (2011), Cavicchioli (2013) and
many others.

Due to the popularity of MS and PARMA models, we propose to combine these two approaches to obtain a new
model which capture, not only, the regime changes, but also the periodicity hidden in the autocovariance structure and other
features of economic series in general, and of financial time series in particular. This new model that we propose is a Markov-
switching PARMA model (MS-PARMA) and can be defined as a bivariate process {(yt,∆t) ; t ∈ Z}, where the process
∆t is a Markov chain defined on a finite state space, and yt is a PARMA process. Otherwise, a process {(yt,∆t) ; t ∈ Z}
is said to be a Markov-switching PARMA process of orders p and q and period S, denoted by MS-PARMAS (p, q), if it
satisfies an equation of the form

yt=
p∑

i=1

d∑

k=1

φ
(k)
t,i 1(∆t=k)yt−i+

d∑

k=1

σ(k)1(∆t=k)ηt+
q∑

i=1

d∑

k=1

d∑

l=1

θ
(k)
t,j σ

(l)1(∆t=k)1(∆t−j=l)ηt−j , (1)

where d denotes the number of regimes and (ηt)t∈Z is an i.i.d. sequence such that E (ηt) = 0 and E
(
η2

t

)
= 1.

The objective of this work is to study some probabilistic properties of a Markov-switching PARMA model. We provide
a condition of strict periodic stationarity, and we establish sufficient conditions ensuring second-order periodic stationarity
and the existence of higher-order moments of the MS-PARMA model.

This work is organized as follows: in section 2, we give condition of strict periodic stationarity. In section 3 we state
sufficient conditions for second-order periodic stationarity and existence of moments. In section 4, we conclude and discuss
possible extensions.

2. Periodic stationarity and existence of moments
Let

φt,i (∆t) :=
d∑

k=1

φ
(k)
t,i 1(∆t=k), θt,j (∆t) :=

d∑

k=1

θ
(k)
t,j 1(∆t=k), and εt :=

d∑

k=1

σ(k)1(∆t=k)ηt.

Hence, one can rewrite the model (1) as follows

yt =
p∑

i=1

φt,i (∆t) yt−i + εt +
q∑

i=1

θt,j (∆t) εt−j , (2)

where the parameters φt,i (∆t) , for 1 ≤ i ≤ p and θt,j (∆t) , for 1 ≤ j ≤ q, are periodic functions which depend on a
Markov chain (∆t) .

Throughout this work we make the following assumptions:
H1. The processes {ηt} and {∆t} are independent;
H2. (∆t) is a homogeneous, stationnary, irreducible, and aperiodic Markov chain with finite state-space E = {1, 2, . . . , d} .
The stationnary probabilities of (∆t) are denoted by π (k) = P (∆t = k) , the transition probabilities are denoted by

p (k, l) = P (∆t = l | ∆t−1 = k) , and the i-step transition probabilities are denoted by p(i) (k, l) = P (∆t = l | ∆t−i = k) ,
for k, l ∈ E and i ≥ 1.

Consider the matrices

P(i)
ft

=




p(i) (1, 1) ft (1) · · · p(i) (d, 1) ft (1)
...

. . .
...

p(i) (1, d) ft (d) · · · p(i) (d, d) ft (d)


 and Πft

=




π (1) ft (1)
...

π (d) ft (d)


 ,

for any periodic function ft : E →Mn×n′ (R), whereMn×n′ (R) denotes the space of real n×n′ matrices, and any positive
integers i, n and n′.
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In order to facilitate the study of strict periodic stationarity of the model MS-PARMA, it is useful to write model (2)
in an equivalent Markovian representation as follows:

zt = bt +Atzt−1, (3)

where
zt = (yt, ..., yt−p+1, εt, ..., εt−q+1)′ , bt =

(
εt, 01×(p−1), εt, 01×(q−1)

)′
,

and

At =




φt,1:p−1 (∆t) φt,p (∆t) θt,1:q−1 (∆t) θt,q (∆t)
I(p−1)×(p−1) 0(p−1)×1 0(p−1)×(q−1) 0(p−1)×1

01×(p−1) 01×1 01×(q−1) 01×1

0(q−1)×(p−1) 0(q−1)×1 I(q−1)×(q−1) 0(q−1)×1


 ,

and where φt,1:p−1 (∆t) = (φt,1 (∆t) , ..., φt,p−1 (∆t)) and θt,1:q−1 (∆t) = (θt,1 (∆t) , ..., θt,q−1 (∆t)).
The key tool in studying strict periodic stationarity would be the top Lyapunov exponent. Let us recall the definition of

the top Lyapunov exponent for i.p.d. random matrices (Aknouche and Guerbyenne, 2009). Let ‖.‖ refer to an arbitrary norm
in the spaceM (n) of n × n matrices. Then, the top Lyapunov exponent associated to a sequence of an i.p.d. sequence of
matrices A := {At, t ∈ Z} , is defined by

γS (A) = inf
n∈N∗

1
n
E [log ‖AnSAnS−1 · · ·A1‖] , (4)

when
∑S

s=1E
[
log+ ‖As‖

]
is finite, where log+ (x) = max (log (x) , 0) .

Theorem 1. If γS (A) < 0, the model (3) admits a non anticipative s.p.s. solution (zt)t∈Z given by

zt = bt +
∞∑

k=1

AtAt−1 . . . At−k+1bt−k, (5)

Moreover, the solution is unique and periodically ergodic.

Let ⊗ denotes the tensor product, ρ (A) be the spectral radius of the matrix A, and A⊗m = A ⊗ A ⊗ . . . ⊗ A. Using
these notations, we are able to state the following result.

Theorem 2. Suppose that E (ηm
t ) < ∞ and ρ

{
S−1∏
s=0

PE(A⊗m
S−s|∆S−s)

}
< 1, where m is a strictly positive integer. Then the

model (2) has a unique non anticipative and s.p.s. (yt) . This solution is also periodically ergodic and satisfies E (ym
t ) <∞.

Corollary 2.1. If m = 2, then if ρ
{

S−1∏
s=0

PE(A⊗2
S−s|∆S−s)

}
< 1, then the model (2) has an s.p.s. solution such that E

(
y2

t

)
<

∞ for all 1 ≤ t ≤ S. Moreover, this solution is unique, periodically ergodic and is given by (5) where the series converges
in mean square.
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Abstract

Ce travail est essentiellement consacré au problème de l’estimation des paramétres d’un
mélange de modéles GARCH périodique (MPGARCH). cemélange de modéles peut etre
utilisé dans la modélisation des séries chronologiques qui possédent certaines caractéristiques
telles que la multimodalité, le changement de régime et la périodicité dans la variance con-
ditionnelle.Nous proposons une méthode bayesienne pour l’estimation des paramètres en
utilisant l’echantillonneur de Griddy-Gibbs.

Key words: Méthodes bayesiennes, modèles MPGARCH , Algorithme de Griddy-Gibbs.

2010 Mathematics Subject Classification: 62

1. Introduction

Il est bien connu que les modèles les plus populaires et les plus utilisés dans la modèlisation de la volatilité
instantanée dans les séries chronologiques financiéres sont les modèles Autoregressifs Conditionnellement
HétéroscédastiquesARCH , introduit par Engle (1982) et leur extention au modèlesGARCH par Boller-
slev (1986) et par la suite les modèles GARCH périodiques une nouvelle classe de modéles introduite par
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Bollerslev et Ghysels (1996) qui a montré une grande capacité à capturer la périodicité dans la variance
conditionnelle. Divers modèles ont été proposés afin de capturer différentes caractéristiques telles que la
longue mémoire, le changement de régime et la périodicité dans la variance conditionnelle. Notre but est
de proposer un modèle qui peut présenter des séries chronologiques avec une structure d’autocorrélation
périodique aussi bien que d’autres caractéristiques (telles que la multimodalité, le changement de régime)
nous proposons la classe de mélange des modèles GARCH périodiques notée MPGARCH.

2. Résultats

Notre travail nous a permis d’elaborer les résultats suivants:

• Définir une classe de modéles MPGARCH.

• Pour l’estimation on a proposé une méthode bayesienne via l’algorithme Griddy-Gibbs (produit
par Ritter et Tanner 1992).

• Nous avons déterminé la fonction de vraisemblance des modèles MPGARCH.

• Nous avons calculé les noyaux des lois a posteriori conditionnelles de chaque paramètre nécessaire
à l’application de notre algorithme

• L’algorithme de Griddy-Gibbs nous a permis d’Évaluer chaque fonction du noyau à partir d’une
grille de points pour approcher la fonction de répartion a posteriori en utilisant les méthodes
numériques d’intégration et par la suite nous avons calculé l’inverse de la fonction de répartition à
une valeur aléatoire prélevée uniformément dans [0, 1]
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Abstract

In this communication, we propose to extend univariate periodic autoregressive stochastic volatility model
to a multivariate periodic time series context. We present the structure of the proposed model and its dynamic
properties are derived and shown to be consistent with empirical properties observed in financial time series
whose volatility displays a periodic correlation pattern. We describe also two straightforward methods for the
estimation problem, where the implementation is based on periodic Chadrasekhar filter and on the Expectation
Maximization (EM) algorithm with particle filters and smoothers.

Key words: Periodic multivariate stochastic volatility model, periodic Chandrasekhar-type recursions, Expectation Maxi-
mization algorithm, Particle filtering.

2010 Mathematics Subject Classification: 62M10, 60G10, 62G05.

1. Introduction
The univariate periodic autoregressive stochastic volatility model (PAR-SV ) model introduced by Aknouche et al. (2007)
provides a successful alternative to the class of periodic generalized autoregressive conditionally heteroscedastic (PGARCH)
models (Bollerslev and Ghysels, 1996) in accounting for the time-varying and persistent volatility as well as for the period-
icity feature in the autocorrelation structure exhibited by many nonlinear time series. Thus, a stochastic process {εt; t ∈ Z}
has a PAR-SV representation of period S, if it is a solution of the stochastic difference equation

{
εt = ηt exp

{
1
2xt
}
,

xt = αt + βtxt−1 +Qtet,
t ∈ Z, (1)

where the parameters αt, βt and Qt are periodic in t with period S (i.e., αt+τS = αt, βt+τS = βt and Qt+τS = Qt). The
sequences (ηt) and (et) are two independent sequences of i.i.d. random variables with zero mean and unit variance. We
note that the PAR-SV model (1) has been called periodic autoregressive stochastic volatility rather that shortly ”periodic
stochastic volatility”, since the log-volatility is given as a first order periodic AR model, and to differ from the PSV model
proposed by Tsiakas (2006). Nevertheless, the PAR-SV model (1) can be generalized so that ht may have a periodic au-
toregressive moving average (PARMA) representation. We note also that the PAR-SV model has an additional innovative
term in the volatility dynamics and, hence, is more flexible than PGARCH class models. Indeed, when the stochastic part
of volatility, et, does not exist, model (1) reduce to PGARCH(1, 0). So the difference in modelling variance is substantial
between PGARCH and PAR-SV approaches.
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It is well known that financial volatility moves together, over time, across different assets and markets. This nature
plays a critical role in the construction of the appropriate model. Therefore, multivariate models for modelling time-varying
volatility are of interest and can lead to greater statistical efficiency. However some multivariate stochastic volatility models
have recently become a major concern in the investigation of the correlation structure of multivariate economic series in
general, and of multivariate financial time series in particular. Various extensions of the basic stochastic volatility (SV )
model, considered by Taylor (1982, 1986), have been proposed (Harvey et al., 1994; Danı́elsson, 1998; Jungbacker and
Koopman, 2006; Smith and Pitts, 2006; Chan et al., 2006, Asai and McAleer, 2009; Nkemonole and Abass, 2015) in order
to capture the main stylized facts characterizing multivariate financial series such as excess kurtosis, asymmetry and heavy-
tailed. Note that all of the proposed models deal with constant volatility parameters and it seems that there is no formulation
which can adequately explain time series whose structure change over time, in particular, time series whose volatility displays
a periodic correlation pattern.

Let εt = (εt,1, ..., εt,m)′ be them×1 vector of stock returns at time t andXt be the corresponding vector of log-variances.
Having introduced the univariate PAR-SV model, by Aknouche et al. (2007), to time-varying volatility, this communication
will discuss aspects of multivariate periodic autoregressive stochastic volatility (PV AR-SV ) processes which may be defined
by {

εt = ηtV
1/2
t ,

Xt = αt + βtXt−1 + et,
t ∈ Z, (2)

where Vt = diag (expXt), βt = diag (βt,1, ..., βt,m), αt = (αt,1, ..., αt,m)′. The vectors ηt = (ηt,1, ..., ηt,m)′ and
et = (et,1, ..., et,m)′ represent mutually and serially uncorrelated zero-mean error processes with covariance structure
E
(
ηtη
′
t+h

)
= δh,0Σt,1 and E

(
ete′t+h

)
= δh,0Σt,2, where δ stands for the Kronecker function. The parameters αt, βt,

Σt,1 and Σt,2 are periodic in t, with period S.
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Résumé

Nous établissons des inégalités de grandes déviations pour une classe d’estimateurs sieves pour un opérateur
d’un processus autorégressif fonctionel d’ordre un. Nous en déduisons la convergence presque sûre et presque
complète des estimateurs sieves et des vitesses de convergence.

Mots clefs : autorégressif fonctionel ; estimateur sieves ; grandes déviations ; Normalité asymptotique locale ; vitesses de
convergence

Stochastic processes : .

1. Introduction
Soit (Ω,A, IP) un espace de probabilité, H un espace de Hilbert séparable réel et < ., . > et ‖ . ‖ sont le produit scalaire

et la norme associée. Un processus (Xn, n ∈ N) défini sur (Ω,A, IP) et à valeurs dans H est un Autorégressif Hilbertien
AR(1) si

Xn = ρ(Xn−1) + εn (1)

où ρ est un opérateur linéaire borné sur H, ‖ρ‖L < 1 et ρ ∈ Θ ⊂ H̃ où l’espace des paramètres H̃ est un espace de
Hilbert séparable de l ’espace L (H) des opérateurs linéaires bornés sur H. Soit Xn = (X0, ...Xn) les observations de (1),
Pn,ρ = PX0

(X1,...,Xn,ρ)
la loi conditionnelle de (X1, ..., Xn) sachant X0 et Pn,ε est la loi de probabilité du vecteur (ε1, ..., εn).

Nous notons f(Xn, ρ) := dPn,ρ
dPn,ε

la densité de la partie absolument continue de Pn,ρ par rapport à Pn,ε. La condition de
normalité asymptotique locale (LAN) introduite par Le Cam [7] est un outil puissant pour l’estimation paramétrique. Dans
[6], nous avons étudié la condition LAN quand l’operateur ρ dans (1) dépend d’un paramètre θ ∈ Rp. Des extensions de la
théorie LAN ont été faites en dimension infinie (cf. Ibragimov and Kha’sminskii [4] et les références). Dans cette Note et dans
le cadre de la dimension infinie, nous établissons des inégalités de grandes déviations pour une classe d’estimateurs sieves
de Grenander [2] du paramètre operateur ρ dans (1) similaire à celles qui existent dans la théorie LAN et nous donnons leurs
convergence p.s. et p. co. avec des vitesses de convergence. Kallianpur et Selukar [5] ont traité l’estimation de paramètres
à valeurs dans un espace de Hilbert séparable en donnant des inégalités de grandes déviations pour des estimateurs sieves
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avec des exemples. Une suite {Sk, k ≥ 1} de sous ensembles de Θ est une sieves si les {Sk} sont des compacts croissants et⋃
k Sk est dense dans Θ. Un estimateur sieves ρ̂n,k(Xn) associé à la sieves {Sk} est défini par

f(Xn, ρ̂n,k) = sup
ρ∈Sk

f(Xn, ρ) (2)

Nous introduisons les notations suivantes.

1. [a] est la partie entière de a ∈ R .

2. {λj(ρ), j ≥ 1} sont les valeurs propres de l’opérateur ρ et ‖.‖2 est la norme de Hilbert Schmidt associée.

2. Résultats.
Supposons que la vraie valeur du paramètre ρ de l’equation (1) est telle que ρ ∈ H̃ .

Sous certaines hypothèses , les résultats ci dessous donnent la convergence p.s. et p.co., des inégalités de grandes déviations
et des vitesses de convergence pour les estimateurs sieves.

Théorème 2.1. L’estimateur sieves ρ̂n,k defini par (2) satisfait
i) ρ̂n,[ns] →n→∞ ρ, Pρ− p.s..
ii) ∀h > 0, ∃N = N(ρ, h) > 0 tel que ∀n > N,

Pρ{‖ρ̂n,[ns] − ρ‖2 > h} ≤ exp(−Cn1−sh2)

où 0 < s < 1/2 et la constante C > 0 ne dépend que de ρ.

Théorème 2.2. Soit 0 < β < 1/2 et 0 < s ≤ 1−2β
2 . Si nβ(

∑+∞
j=[ns]+1 λ

2
j (ρ))1/2 →n→∞ 0, alors

i) nβ‖ρ̂n,[ns] − ρ‖2 →n→∞ 0, Pρ− p.s..
ii) ∀h > 0, ∃N = N(ρ, h) tel que ∀n > N ,

Pρ{nβ‖ρ̂n,[ns] − ρ‖2 > h} ≤ exp(−Cnbh2)

où b = 1− 2β − s et la constante C > 0 ne dépend que de ρ.
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Abstract

On étudie l’analogue discret des fonctions holomorphes. Ces fonctions sont appelées fonctions holomorphes
discrètes. L’étude porte sur l’analogue discret de l’opérateur de Cauchy-Riemann et la notion de domaine
d’holomorphie sur une partie de l’ensemble des entiers de Gauss Z[i] = Z + iZ considéré comme un sous-
ensemble de C.

Mots clefs: fonction holomorphe discrète, opérateur de Cauchy-Riemann, domaine d’holomorphie.
Classification Mathématique par Sujets (2010): 30G25 .

1. Introduction
Soit A un ouvert de C = R + iR. Une fonction f : A → C est holomorphe dans A si, f est de classe C1 et pour tout
z = x+ iy ∈ A ,

∂f

∂x
(z) =

∂f

i∂y
(z) .

On note O(A) l’ensemble des fonctions holomorphes dans A.

Definition 1 (Issacs,1941, [3]). Soit A ⊆ Z[i] = Z + iZ. Une fonction f : A→ C est dite holomorphe discrète de première
espèce dans A si, pour tout z ∈ Z[i] tel que z, z + 1, z + i ∈ A, on a

f(z + 1)− f(z)
1

=
f(z + i)− f(z)

i
.

On note O1(A) l’ensemble des fonctions holomorphes discrètes de première espèce dans A.

Definition 2 (Isaacs,1941, [3]). Soit A ⊆ Z[i] = Z + iZ. Une fonction f : A→ C est dite holomorphe discrète de seconde
espèce dans A si, pour tout z ∈ Z[i] tel que z, z + 1, z + i, z + 1 + i ∈ A, on a

f(z + 1 + i)− f(z)
1 + i

=
f(z + i)− f(z + 1)

1− i .

On note O2(A) l’ensemble des fonctions holomorphes discrètes de seconde espèce dans A.
Ces deux notions de fonctions holomorphes discrètes ont été introduites par R. P. Isaacs [3] en 1941, qu’il appela fonctions

monodiffriques de première et de seconde espèce; puis, dans un article [4] de 1952, il réalisa une étude des fonctions holo-
morphes discrètes de pemière espèce. En 1944, J. Ferrand [2] étudia les fonctions holomorphes discrète de seconde espèce,
qu’elle appela fonctions préholomorphes. Dans un papier de 1956, R. J. Duffin [1] fit une étude des fonctions holomorphes
discrète de seconde espèce, qu’il appela fonctions analytiques discrètes .
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2. Opérateur de Cauchy-Riemann
Dans C, l’opérateur de Cauchy-Riemann s’écrit

∂ =
∂

∂x
+ i

∂

∂x
, avec z = x+ iy .

Soit f : A→ C, A un ouvert de C, z = x+ iy ∈ C.
f est holomorphe dans A si et seulement si f est de classe C1 et ∂f(z) = 0 en tout point z ∈ A.

On pose
Dxf(x, y) = f(x+ 1, y)− f(x, y)
Dyf(x, y) = f(x, y + 1)− f(x, y)

On introduit l’analogue discret de l’opérateur de Cauchy-Riemann correspondant à la définition 1 et à la définition 2:

D1 = Dx + iDy

D2 = (1− i)Dx + (1 + i)Dy +DxDy

Alors
D1f(z) = f(z + 1) + if(z + i)− (1 + i)f(z)
D2f(z) = f(z + 1 + i)− f(z) + if(z + i)− if(z + 1)

Soit f : A→ C , A ⊆ Z[i], z = x+ iy ∈ Z[i];

f est holomorphe discrète de première espèce dans A si et seulement si D1f(z) = 0 en tout point z ∈ Z[i] tel que
z, z + 1, z + i ∈ A.

f est holomorphe discrète de seconde espèce dans A si et seulement si D2f(z) = 0 en tout point z ∈ Z[i] tel que
z, z + 1 + i, z + i, z + 1 ∈ A.

3. Domaine d’holomorphie
Soit A, B ⊆ Z[i] et A ⊆ B. On note %B

A l’application restriction

%B
A : O(B) → O(A)

f 7→ f|A

Dans le cas où A et B sont des domaines de C, l’application restriction %B
A est injective . De plus, tout domaine de C est

un domaine d’existence maximale d’une fonction holomorphe. Donc, si %B
A est bijective, on a B = A.

Dans le cas où A et B sont des parties de Z[i], l’application restriction %B
A peut être injective et non surjective, ou

surjective et non injective.
Kiselman [5],[6] propose la définition suivante pour caractériser les parties de Z[i] qui peuvent se comporter comme les

domaines de C par rapport aux fonctions holomorphes.

Definition 3. Soit A ⊆ Z[i]. On dit que A est un domaine d’holomorphie dans Z[i] , si, pour tout B ⊆ Z[i], on a

A ⊆ B et %B
A est bijective ⇒ B = A .
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Abstract

We introduce new combinatorial objects called the shifted domino tableaux. We prove that these objects
are in bijection with the pairs of shifted Young tableaux. This bijection shows that these objects can be seen as
elements of the super shifted plactic monoid, which is the shifted analog of the super plactic monoid.

Key words: Shifted Young tableaux, domino tableaux, shifted domino tableaux, super shifted plactic monoid.

1. Introduction
By extending Young tableaux [6] to shifted Young tableaux (ShYT), Sagan [3] and Worley [5] developed independently
a combinatorial theory of ShYT parallel to the theory of Young tableaux. The ShYT allow to define the P-Schur and the
Q-Schur functions.

We extend naturally ShYT to new combinatorial objects: The Shifted Domino Tableaux (ShDT), the shifted analog of
domino tableaux [1]. We prove that the set of ShDT is in bijection with the set of pairs of ShYT. Our proof is inspired from
the one of Carré and Leclerc [1] regarding the bijection between the set of domino tableaux and the set of pairs of Young
tableaux. We also extend the shifted plactic monoid [4] to dominoes and define the super shifted plactic monoid which is
isomorphic to the direct product of two shifted plactic monoids.

2. Main results
Definition 1. Given certain partition λ paved with dominoes [1] in a certain way, a ShDT is a filling of the dominoes which
are cut by D2k [1] for any positive integer k by X , and the remaining dominoes by letters in {1′ < 1 < 2′ < 2 < · · · } such
that

- rows and columns are non-decreasing from left to right and from bottom to top;

- a letter ` ∈ {1, 2, 3, . . . } appears at most once in each column;

- a letter ` ∈ {1′, 2′, 3′, . . . } appears at most once in each row;

- there is no letter ` ∈ {1′, 2′, 3′, . . . } on the diagonal D0.

We give below, an example of ShDT of shape (8, 5, 5, 5, 5):

∗Speaker
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1 1
2’ 2 3

2’

2

4

X

5’

5
X

X

X

T =

.

One of the most important result of our work is a bijection between the set of ShDT and the set of pairs of ShYT.

Theorem 1. Let λ be a valid shape of ShDT of 2-quotient (µ, ν) [2]. The set of ShDT of shape λ and the set of pairs (t1, t2)
of ShYT of shape (µ, ν) are in bijection.

For example, the image of the ShDT T is the following pair of ShYT:




1 2’

X 4

, 1 2’ 2

2X

3

5’

X 5X



Theorem 1 allows us to extend the shifted plactic monoid of Serrano [4] to dominoes, which define the super shifted
plactic monoid, the shifted analog of the super plactic monoid.

Definition 2. Let A1 = {a1
1 < a1

2 < a1
3 < . . . } and A2 = {a2

1 < a2
2 < a2

3 < . . . } be two totally ordered infinite alphabets.
The super shifted plactic monoid, denoted by SShPl(A1, A2) is the quotient of the free monoid (A1 ∪A2)∗ generated by the
shifted plactic relations of ShPl(A1) and ShPl(A2) such that the letters of A1 commute with the letters of A2.

Theorem 2. Each super shifted plactic class is represented by a unique ShDT.

3. Conclusion
The shifted domino tableaux will lead as in the case of domino tableaux, to the definition of a new family of symmetric
functions, the shifted analog of the H functions of Carré and Leclerc [1]. This analog functions can allow us to shed
lights on the combinatorial properties of Q-Schur and P-Schur functions. We expect also to find a new expression of the
shifted Littlewood-Richardson rule with coefficients in terms of shifted domino tableaux. Another direction, in which we can
investigate, is to find properties and applications of the super shifted plactic monoid.
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Abstract

In this paper, we consider two types of weighted sums of diagonal elements lying along a finite ray in
generalized Pascal triangle. The weights are provided by a sequence {Gn}, in the first case it is assumed to be
periodic with shortest length d ∈ N+. Then we suppose that {Gn} satisfies a homogeneous linear recurrence
relation of order s ≥ 1. In both cases the weighted sums are completely described

Key words: Generalized Pascal triangle; linear recurrences, sum of elements.

1. Introduction
Consider the generalized Pascal triangle containing the element xnyk

(
n
k

)
in the intersection of the nth row and the kth

column. In the paper of Belbachir; Komatsu and Szalay [2] the sum of elements Tn laying along the nth ray crossed the
triangle was described by the linear recurrence relation

Tn −
(
r

1

)
xTn−1 +

(
r

2

)
x2Tn−2 + · · ·+ (−1)r

(
r

r

)
xrTn−r = yrTn−r−q, (1)

where the directed vector of the ray is given by (r, q) . (r ∈ N+, q ∈ Z, r + q > 0) . To define the intermediate rays, we
need one more parameter, p, such that 0 ≤ p ≤ r − 1. Using the notation above, the exact formula for Tn is the following.

Tn+1 =
bn−p

r+q c∑

k=0

(
n− qk
p+ rk

)
xn−p−(q+r)kyp+rk. (2)

Otherwise, if we fixe the direction (r, q) and a value of p, the general term constitutes the sum of elements laying on the
corresponding ray is noted and gived by

T
(r,q,p)
n+1 =

bn−p
r+q c∑

k=0

T (r,q,p)(n, k) =
bn−p

r+q c∑

k=0

(
n− qk
p+ rk

)
xn−p−(q+r)kyp+rk, (3)

∗Moussa AHMIA
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where T (r,q,p)(n, k) =
(
n−qk
p+rk

)
xn−p−(q+r)kyp+rk and T0 = 0.

Now we slighly modify the problem by the sequence {Gk} to have the weighted sum

T
(r,q,p)
n+1 =

bn−p
r+q c∑

k=0

(
n− qk
p+ rk

)
xn−p−(q+r)kyp+rkGk. (4)

In general, the problem is too difficult, therefore we consider that in two specific cases.

Case 1. {Gn} is periodic. The length of the period is d ∈ N+.

T
(r,q,p)
n+1 =

bn−p
r+q c∑

k=0

(
n− qk
p+ rk

)
xn−p−(q+r)kyp+rkGk

k=ud+v=
d−1∑

v=0

Gv

bn−p−v(r+q)
(r+q)d c∑

u=0

(
n− q(ud+ v)
p+ r(ud+ v)

)
xn−p−(q+r)(ud+v)yp+r(ud+v)

=
d−1∑

v=0

GvT
(d,r,q,p,v)
n+1 .

Since T (d,r,q,p,v)
n satisfies an other recurrence relation similar to (1) for any v, the sum above (as the linear combination)

do that, too.

Case 2. {Gn} is Multilinear recurrence given by G0 = u0, ..., Gs−1 = us−1 and Gn =
∑s

j=1AjGn−j for s ≥ 2.
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Abstract

We consider the extension of generalized arithmetic triangle GAT, to negatively rows where the initial con-
ditions are defined by real sequences (a)n∈Z and (b)n∈Z and describe the recurrence relation associated to the
sum of diagonal elements laying along a finite ray.

Key words: Binomial coefficient, linear recurrence, combinatorial identities, Pascal triangle.

Definition 1. Let (an)n≥0 and (bn)n≥0 be two real sequences, A and B two reals. The GAT contains elements
〈 n
k

〉
in the

nth row and kth column defined as follows

〈
n
k

〉
=





A
〈
n− 1
k

〉
+B

〈
n− 1
k − 1

〉
for 1 ≤ k ≤ n− 1

Anan for k = 0
Bnbn for k = n

Our aim is to consider the negative GAT, the extension of the GAT to negatively rows. With given positive integers n and

k,
〈 −n

k

〉
denotes the kth entry of the (−n)th row.

Definition 2. Let (an)n∈Z and (bn)n∈Z be two real sequences, A and B two reals. The negative GAT contains elements
〈 −n

k

〉
in the (−n)th row and kth column defined as follows

〈 −n
k

〉
=





1
A

〈 −n+ 1
k

〉
− B

A

〈 −n
k − 1

〉
for n ≥ 1, k > 0,

A−na−n for n ≥ 1, k = 0,
0 for n = 0, k > 0
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Theorem 3. The negative GAT for sequences (an)n∈Z and (bn)n∈Z, real numbers A and B has as entry k in row (−n) for
(n, k) 6= (0, 0),

〈 −n
k

〉
= −A−n−kBk

n−1∑

i=0

(−n+ i

k − 1

)
a−i−1 + δn,kA

−na−n,

with δn,k =
{ ⌊

n−k
n

⌋
for n− k ≥ 0

0 for n− k < 0 or n = 0.

1. The sum of elements lying along a finite ray in negative GAT

For a fixed direction (r, q) , r ∈ N+, q ∈ N−, and a fixed value of p, p = 0, . . . , r − 1, the sequence
(
G

(r,p,q)
−n

)
n≥1

,

G
(r,p,q)
−n =

bn−1
−q c∑

k=0

〈 −n− qk
p+ rk

〉
.

constitues the sum of elements lying on the corresponding ray in the negative GAT.

Theorem 4. For r ≥ 1, q ∈ N−, p ∈ N, p = 0, . . . , r − 1,

G
(r,p,q)
−n = −

bn−1
−q c∑

k=1

A−n−p−(r+q)kBp+rk
n+qk−1∑

i=0

(−n− qk + i

p+ rk − 1

)
a−i−1−A−n−pBp

n−1∑

i=0

(−n+ i

p− 1

)
a−i−1+

⌊
n− p
n

⌋
a−nA

−n.

First, two lemmata which will play an important role in determining the recurrence linked to G(r,p,q)
−n .

Lemma 5. For n ≥ 1, r ≥ 1, α ∈ Z and (an)n∈Z sequence of real numbers, we have

r∑

j=0

(−1)j
(
r

j

)n+j+α−1∑

i=0

(−n− j − α+ i

r − 1

)
a−i−1 = −a−n−α−r.

Lemma 6. For n ≥ 1, r ≥ 1, p ≥ 1 and (an)n∈Z sequence of real numbers, we have

r∑

j=0

(−1)j
(
r

j

)n+j−1∑

i=0

(−n− j + i

p− 1

)
a−i−1 = −

r∑

j=0

(−1)j
(
r − p
j

)
a−n−p−j .

2. Recurrence associated to rays in negative GAT
Theorem 7. The terms of the sequence (G−n)n≥1 given by

G−n =
bn−1
−q c∑

k=0

A−n−p−(r+q)kBp+rk
n+qk−1∑

i=0

(−n− qk + i

p+ rk − 1

)
a−i−1.

satisfy the recurrence relation

G0
−n−A

(
r

1

)
G0
−n−1+· · ·+(−A)r

(
r

r

)
G0
−n−r−A−n−pBp

(
a−n−p −

(
r − p

1

)
a−n−p−1 + · · ·+ (−1)r

(
r − p
r

)
a−n−p−r

)

= BrG−n−q−r.
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Abstract

By polynomial coefficients, we mean the coefficients in integral powers of a polynomial. Although these
coefficients are considered and used in many literature, there is no systematic treatise on them. This paper
aims to fill the void by bringing a fresh insight to this old subject. We describe some aspects of these extended
binomial coefficients in different point of view, and give new results presented in a compact and self-contained
manner.

Key words: Polynomial triangles; restricted occupancy model; polynomial coefficient identities; entropy density function.
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1. Introduction
The theme of our study is extremely simple. It consists in investigating several aspects of coefficients in integral powers of
polynomials. These coefficients generate an array, called a polynomial triangle, whose the k-th row consists of the coefficients
of the powers of t in p(t)k, for a given polynomial p(t). The table naturally resembles Pascal’s triangle and reduces to it when
p(t) = 1 + t.

Although the subject is quite simple, it has a variety of applications in enumerative combinatorics. Historically, this
natural extension of binomial coefficients may have been first discussed by Abraham De Moivre [4, 12] who found that the
coefficient of tn of the polynomial (

1 + t+ t2 + · · ·+ tm
)k
, (1)

(k ≥ 0) arises in the solution of the following problem [20, p.389]:

“There are k dice with m+1 faces marked from 1 to m+1; if these are thrown at
random, what is the chance that the sum of the numbers exhibited shall be equal
to n?”

A few decades later, Leonhard Euler [14, 15] published an analytical study of the coefficients of the polynomial (1). The
elementary properties of the array generated by these coefficients closely mimic those of binomial ones. For example, each
entry in the body of the (centered) triangle is the sum of the m entries above it, extending a well-known property of Pascal’s
triangle. This array, denoted in this paper by Tm, is termed the extended Pascal triangle [8], or Pascal-T triangle [30],
or Pascal-De Moivre triangle [21]. In 1937, it was reintroduced by A. Tremblay [29] and in 1942 by P. Montel [23], and
explicitly discussed by John Freund in 1956 [17], as arising in the solution of a restricted occupancy problem. In fact, the
coefficient of tn in (1), denoted

(
k
n

)
m

[3], is the number of distinct ways in which n unlabeled objects can be distributed in
k labeled boxes allowing at most m objects to fall in each box (see also the Riordan monograph [25, p.104]). In statistical
physics, the Freund restricted occupancy model is known as the Gentile intermediate statistics, called after Giovanni Gentile

147



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Jr [18, 19]. This model interpolates between Fermi-Dirac statistics (binomial case : m = 1) and Bose-Einstein statistics
(m =∞). It will be referred here to as Gentile-Freund statistics (GFS).

The arrays Tm have been extensively used in reliability and probability studies [4, 13, 22, 26]. Several results about the
extended binomial coefficients, specially the trinomial ones (m = 2), are known [5–10, 16]. Some generalizations have
been discussed as well. For instance, Ollerton and Shannon [24] have investigated various properties and applications of
a generalization of the triangle Tm by extending the Freund occupancy model. We underline in passing that the entries of
Tm have been q-generalized by George Andrews and Rodney J. Baxter [1] for m = 2 to solve the hard hexagon model in
statistical mechanics and later by Warnaar [31] for arbitrary m. This q-analog proved to have a deep connection with the
Rogers-Ramanujan identities and the theory of partitions [2, 3].

The Pascal-De Moivre triangles T2, T3 and T4 are recorded in Sloane’s Online Encyclopedia of Integer Sequences [28] as
A027907, A008287 and A035343 respectively.

Let us now fix our terminology and notation a bit more precisely.

Definition 1. let a be a sequence ofm+1 numbers (a0, a1, . . . , am) and let pa(t) =
∑m

i=0 ait
i be its generating polynomial.

The polynomial coefficients associated with the vector a are defined by1

(
k

n

)

a

def=
{

[tn] (pa(t))
k
, if 0 ≤ n ≤ mk

0, if n < 0 or n > mk
(2)

where we have used a vector-indexed binomial symbol mimicking the notation of Andrews. When ai = 1 for all i, the binomial
symbol will be simply indexed by m. The array of polynomial coefficients will be called a-polynomial triangle or a-triangle
for short, and denoted by T(a). Rows are indexed by k and columns by n. The polynomial triangle T(a) will be called
arithmetical or combinatorial if the coefficients ai are integers.

The term “polynomial coefficients” is inspired by the designation of Louis Comtet [11, p.78] for Tm.
A point that needs to be addressed is that, with the exception of the binomial triangle, T(a) is a Riordan array only if

pa(0) = 0, i.e, a0 = 0, as can be seen from the bivariate generating function :

∑

k,n

(
k

n

)

a

tnuk =
1

1− upa(t)
.

For basic informations on Riordan arrays, the reader is referred to [27].

2. Main results
Literature on the triangles Tm remains quite sparse, and there is no systematic interest in their properties. In this research
paper, we plan to fill this gap by presenting a unified approach to the subject.

The following items give a sample of our results :

• Besides the weighted Gentile-Freund model, we give three combinatorial models enumerated by polynomial coeffi-
cients :

1. we show that polynomial coefficients count the number of points a player can score in a game of drawing
colored balls. We discuss, by the way, a variant of the old problem of De Moivre and rediscover that polynomial
coefficients provide a natural extension of the usual binomial probability distribution based on Bernoulli trials
with more than two outcomes.

2. we give, via a bijective proof, an interpretation of (2) as number of specified colored directed lattice paths.

3. we propose an interpretation in terms of spin chain systems.

We discuss some important examples of arithmetical polynomial triangles related to restricted occupancy models.

• We give extensions of several known binomial identities. The techniques are elementary and the proofs are straight-
forward, but the results seem interesting in their own right.

1We make use of the conventional notation for coefficients of entire series : [tn]
∑

i ait
i := an.
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• Motivated by a generalization of the binary entropy function, we introduce and study some properties of the entropy
density function which characterizes polynomial coefficients in the thermodynamical limit (that is when k and n go to
infinity and the ratio n/k is fixed) and study its properties.

• We formulate some conjectures such as a Harper-type conjecture and an extended binomial determinant conjecture

• Finally, we prove polynomial analogs of Lucas and Babbage congruences.
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Abstract

The present paper proposes a generalization of the notion of integrals from rational string expressions to
rational tree expressions. We also show the link between tree integrals and tree derivatives. This generalization
is used to denote the accepted tree language of a tree automaton by a rational tree expression.
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1. Introduction
Trees are natural structures used in many fields in computer sciences like XML [12], indexing, natural language processing,
code generation for compilers, term rewriting [4], cryptography [5] etc. The large use of this structure compel us to consider
the theoretical basics of such a notion. As a part of the formal language theory, trees are considered as a generalization of
strings. Indeed in the late of 1960s [2, 8], many researches generalize strings to trees and many notions appeared like tree
languages, tree automata (TA), rational tree expressions (RTE), tree grammars, etc.

Since TA are beneficial in an acceptance point of view and the rational expressions in a descriptive one, an equivalence
between the two representations must be resolved. Fortunately, Kleene result [11] states this equivalence between the accepted
language of string automata and the language denoted by rational expressions.

Some recent work focuses on generalizing some notions of this equivalence to trees. In fact, several techniques to convert
a RTE into TA exist. First, Kuske and Meinecke [6] have generalized the notion of languages partial derivation [1] from
strings to trees and propose a tree equation automaton which is constructed from a derivation of a linearized version of RTE.
They have used the ZPC structure [3] to improve the complexity. After that, Mignot et al. [9] have proposed an efficient
algorithm to compute the generalized tree equation automaton. Next, Laugerotte et al. [7] have generalized the position
automata to trees. Finally, the morphic links between these constructions have been defined in [10].

In this paper we present a generalization of integrals on RTE. Integrals on string rational expressions were first introduced
by Smith et al. in [?]. This generalization allows us to generate the equivalent RTE of a tree language denoted by a given TA.

2. Derivatives of RTE
Let Σ =

⋃
n≥0 Σn be an alphabet. A tree t over Σ is inductively defined by t = f(t1, . . . , tn) with f ∈ Σn and t1, . . . , tn

are n trees over Σ. A tree language is a subset of T (Σ).
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Given a symbol c ∈ Σ0, the c-product is the operation ·c defined for a tree t in T (Σ) and a tree language L by

t ·c L =





L if t = c,
{d} if t = d ∈ Σ0 \ {c},
f(t1 ·c L, . . . , tn ·c L) otherwise (if t = f(t1, . . . , tn))

(1)

This c-product is extended for any two tree languages L and L′ by L ·c L′ =
⋃

t∈L t ·c L′. In the following of this paper, we
use some equivalences over expressions using properties of the c-product.

The iterated c-product is the operation n,c defined recursively for an integer n by:

L0,c = {c} (2)

Ln+1,c = Ln,c ∪ L ·c Ln,c (3)

A rational expression E over Σ is inductively defined by: E = 0, E = f(E1, . . . , En), E = E1 + E2, E = E1 ·c E2,
E = E∗c

1 , where f ∈ Σn, c ∈ Σ0 and Ei is a RTE with i = 1 . . . n.
The language denoted by E is the tree language L(E) inductively defined by: [[0]] = ∅, [[a]] = {a}, [[E1 + E2]] =

[[E1]] ∪ [[E2]], [[E1.cE2]] = [[E1]].c[[E2]], [[E∗c]] = [[E]]∗c, [[f(E1, . . . , En)]] = {f(s1, . . . , sn) | s1 ∈ [[E1]], . . . , sn ∈ [[En]]},
where f ∈ Σn, c ∈ Σ0 and Ei is a RTE with i = 1 . . . n. We say that two RTEs E and F are equivalent (denoted E ≡ F ) iif
[[E]] = [[F ]].

Let N be the n-tuples set of some RTE. Then the n-tuple concatenation is defined as follows:

N .cF = {(E1.cF, . . . , En.cF ) | (E1, . . . , En) ∈ N}
The derivation of a RTE is a set of n-tuples defined inductively as follows:

∂0
∂a

= {0} if a ∈ Σ0

∂f(E1, . . . , En)
∂g

=
{
{(E1, . . . , En)} if f = g
{0} otherwise

∂(E + F )
∂g

=
∂E

∂g
∪ ∂F
∂g

∂E∗c

∂g
=

∂E

∂g
.cE
∗c

∂E.cF

∂g
=





∂E
∂g .c{F} si c /∈ E

∂E
∂g .c{F} ∪ ∂F

∂g otherwise

3. Integrals of Tree Expressions
Before defining the integrals on RTE, we give an elementary definition of the integrals on trees.

Definition 1 Given a special symbol λ /∈ Σn, n ≥ 0 and a symbol f ∈ Σn, the integral of the tree λ(t1, . . . , tn) is defined as
follows: ∫

λ(t1, . . . , tn) df = f(t1, . . . , tn) (4)

This definition can be generalized to RTE.

Definition 2 Let N be a set of n-tuple RTE. The integral of N with respect to f ∈ Σn is
∫
N df =

∑

(E1,...,En)∈N
f(E1, . . . , En) (5)
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The following lemmas can be easily checked.

Lemma 3 Let N ,M be two n-tuple expressions sets. Then we have :
∫
N ∪M df ≡

∫
N df +

∫
M df

Lemma 4
[[
∫
N df ]] = {

∫
λ(t1, . . . , tn) | ∀(E1, . . . , En) ∈ N , t1 ∈ E1, . . . , tn ∈ En} (6)

and

Lemma 5 Let E be a RTE. We have: ∫
N .cE df =

( ∫
N df

)
.cE

We now show that the integrals thus defined are the inverse operation of derivation. This can be proved by induction on
the structure of the RTE.

Proposition 1 Let E be a RTE, then ∫
∂E

∂g
dg ≡ E (7)

Proof: By induction over the structure of E, we have:

1. If E = g(E1, . . . , En) then ∂E
∂g = {(E1, . . . , En)}. (Using equations 6 and 5).

2. IfE = E1+E2 then ∂E
∂g = ∂E1

∂g ∪ ∂E2
∂g . We have

∫
∂E
∂g dg =

∫
∂E1
∂g ∪ ∂E2

∂g dg ≡
∫

∂E1
∂g dg+

∫
∂E2
∂g dg = E1+E2 = E

(Lemma 3).

3. If E = E∗c1 then ∂E
∂g = ∂E1

∂g .cE
∗c
1 . We have

∫
∂E
∂g dg =

∫
∂E1
∂g .cE

∗c
1 dg =

∫
∂E1
∂g dg.cE

∗c
1 = E1.cE

∗c
1 = E

(Lemma 5).

4. If E = E1.cE2, the same proof as 3.

�

4. Generating a RTE from a TA Using Integrals
The basic idea of the algorithm generating a RTE from a tree automaton using integrals is to associate to each state in the
underlying automaton the RTE accepted by this state. Then, by integrating these RTEs in a defined order and using some
rules for manipulating integrals (combinatory, substitution, ...) and rational expression properties, we deduce the RTE for the
whole automaton.

5. Conclusion
In this paper, we defined a generalization of the integral notion on RTE. We have shown that integral is the inverse operation
of tree derivatives proposed by Kuske et al. [6]. This generalization is used to give an alternative proof of Kleene theorem by
constructing an algorithm that converts a tree automaton into a RTE.
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Résumé
Dans ce travail on présente une démarche à suivre pour optimiser un programme quadratique indéfini. L’al-

gorithme commence par l’approximation de la partie concave du programme pour optimiser la partie convexe.
L’optimum trouvé constitue un point de départ pour chercher l’optimum du programme indéfini.

Mots clés : programme quadratique indéfini, convexe, concave.
MSC : 90C20, 90C25.

1. Introduction

La programmation quadratique indéfinie est un problème difficile de la programmation quadratique. Plusieurs méthodes ont
été proposées (voir [2], [1], [3], [4], [5]). Mais, un programme indéfini peut, dans beaucoup de cas, être résolu par des
méthodes simples. Il en est ainsi lorsque la matrice associée à la forme quadratique admet des valeurs propres presque toutes
de même signe, c’est à dire que celles de signes contraires sont en un nombre relativement petit. C’est ce principe qu’on va
utiliser pour développer notre algorithme d’optimisation.

2. Méthode proposée

On considère le problème quadratique :
max
x∈Ω

f(x),

où f(x) = (α, x) + (Qx, x) et Ω = {x ∈ Rn : Ax 6 b, x > 0}, α et b ∈ Rn. On considère la matrice Q = (qij) de taille
n× n et A = (aij) une matrice de réels de taille m× n.
La fonction objectif f peut être décomposée en une partie concave ϕ(z) et une autre convexe Ψ(x). La partie concave est
approximée, on se ramène alors à l’optimisation d’une fonction convexe.
Pour l’optimisation de la partie convexe, on propose un algorithme basé sur des boules concentriques. L’idée est de calculer
le point critique de la fonction objectif, on cherche ensuite le sommet du convexe le plus éloigné de ce point critique.
On considère le problème convexe suivant :

(PΨ)





x > 0
Ax 6 b
maxΨ(x) =

∑n
i=1 αixi + βix

2
i
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Les coefficients αi sont des nombres réels de signes quelconques et βi = 1,∀i . Soit Ω le convexe formé par les contraintes
Ax 6 b, x > 0, où A est une matrice réelle de taille m× n, et b un vecteur de Rm+ . Ω est un convexe fermé et borné de Rn.
On pose

P (x) =
∑

βi>0

αixi + βix
2
i

alors

P (x∗)− P (x) =
n∑

i=1

−βi(x∗i − xi)2 pour tout x ∈ Ω

et

P (x∗)− P (x) = −Max
n∑

i=1

(
√
βix
∗
i −

√
βixi)2

donc

P (x) = P (x∗) + Max
n∑

i=1

(
√
βix
∗
i −

√
βixi)2

Posons
y∗ = (y∗i ) = (αi/2

√
βi)i

et
y = (y0)i = (

√
βixi)i

On voit que y0 est le point le plus éloigné du convexe Ώ = {y ∈ Rn : yi =
√
βixi, x = (xi) ∈ Ω}.

Pour trouver l’optimim d’une fonction convexe, on doit donc suivre les étapes suivantes :
1. Calculer le point critique x∗ ;
2. Voir s’il existe un β

′
i 6= 1 alors le convexe doit être transformé.

3. Choisir un sommet du convexe, et calculer la distance entre ce sommet et x∗ ;
4. Comparer la distance calculée avec celles de ses voisins par rapport à x∗ ;
5. Voir si cette distance est maximale alors stop c’est le sommet optimal ;
6. Sinon passer au sommet de distance maximale, éliminer tous les autres sommets. Soit s le sommet choisi.
7. Calculer la distance entre s et x∗, retourner à l’étape 4.

La solution optimale de la partie convexe sera considérée comme une approximation initiale. Une méthode séquentielle
(voir [6]) est utilisée ensuite pour trouver la solution optimale du problème indéfini.

La démarche proposée est convergente. En effet, pour l’algorithme qui optimise la fonction convexe le sommet le plus
éloigné du point critique est toujours atteint (puisque le convexe est fermé). Pour la méthode séquentielle choisie, on doit
s’assuser de sa convergence pour l’utiliser.

3. Exemple numérique

Soit à chercher : max
x∈Ω

f(x)CT + 1
2x

TQx où Ω = {x : Ax 6 b, x > 0xi > 1 pour i = 1, · · · 5}.
Les données de ce programme :

Q = (1, 1, 1, 1, 1,−1)I

C = (10.5, 7.5, 3.5, 2.5, 1.5, 10)

b = (6.5, 20)T

A =
(

3 3 3 2 1 0
10 0 10 0 0 1

)

L’optimum de la fonction convexe est atteint au sommet (1, 1, 0, 0, 0.5, 0). Avec une méthode séquentielle, on arrivera à une
solution approchée au point (1, 1, 0, 0, 0.5, 5).
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Résumé

In [3] we have introduced a new model for the Frequent Itemset (FI) mining problem based on a formal
series over the counting semiring (N,+,×, 0, 1), whose range constitutes the itemsets and the coefficients are
their supports. In this paper, we show that the discovery of FI for a dataset D turns out to be a determinisation
of the associated ε-moves augmented prefixial weighted automaton, with the respect of the support-threshold s.

Key words : Frequent Itemsets, Formal Series, Weighted Automata, Unification.

2010 Mathematics Subject Classification : 68, 40, 93.

1. Introduction
In [3] we developed a general unifying model able to express the work done so far in the field in the main state of the art
approaches [1, 2, 4]. The introduced model enjoy many capitals characteristics such as : the completeness while remaining
simple and intuitive, extensibility, and efficiency. In this work, we show that the mining problem of a transaction dataset
with the respect to a given support threshold s is equivalent to compute the deterministic weighted automaton of the defined
prefixial weighted automaton associated with D taking into account the frequentness criterion.

2. Problem Statement
Let A = {a1, a2, . . . , am} be an alphabet of m symbols called items. An itemset is a subset of A, if k is its cardinal it

is called a k-itemset. A transaction ti is a nonempty set of items identified by its unique identifier i. A dataset D is a set of
n transactions, which we denote as a multi-set : D = {t1, t2, . . . , tn}. In a dataset D, the support of an itemset x, denoted
sprt(x,D), is the number of transactions containing x, i.e : sprt(x,D) = |{tk ∈ D | x ⊆ tk}|. An itemset x is frequent if
its support exceeds a specified minimum support-threshold s. The problem of mining FI consists to discover the set F of all
itemsets whose support is greater than the given minimum support-threshold s.

3. The Polynomial Model
The main idea in this modeling is to encode an itemset by a word, and all its subsets by a polynomial. After defining the
polynomial of a dataset, the question is then to extract from this polynomial all the terms where the support-criterion holds.

∗Speaker
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First, let us assume, without loss of generality, that the alphabet A is sorted according to an arbitrary total order, where
we can write : A = {a1, a2 . . . am}, with : ε < a1 < a2 < . . . < am. We represent a k-itemset x = {ai1 , ai2 , . . . , aik

}
by the word w(x) of length k, built by the concatenation of its items according to the predefined order. We will write :
w(x) = ai1ai2 . . . aik

, such that ai1 < . . . < aik
. In what follows, we confuse an itemset x and its word representation

w(x).

Definition 1 (Itemset Subsequence Polynomial). Let x = ai1ai2 . . . aik
be a k-itemset, The subsequence polynomial Sx

associated with x is defined as follows : Sx = (ai1 + 1)(ai2 + 1) . . . (aik
+ 1), with : Sε = 1

Hereafter, we denote, for each a ∈ A, by a the polynomial (a + 1). So, the polynomial Sx associated with a k-itemset
x will be denoted : Sx = ai1ai2 . . . aik

. So, Sx is the polynomial that represents all the subsets of x. For example, we
associate with the itemset x = abc the polynomial Sx = abc = (a + 1)(b + 1)(c + 1), that gives us the polynomial :
1 + a+ b+ c+ ab+ ac+ bc+ abc.
From the itemset subsequence polynomial, we can derive the subsequence polynomial associated with a dataset D.

Definition 2 (Dataset Subsequence Polynomial). Let D = {t1, . . . , tn} be a dataset. The subsequence polynomial SD asso-
ciated with D is the sum of the n subsequence polynomials of its transactions : SD =

∑n
i=1 Sti

It is obvious to see that the terms of the polynomial SD have the form 〈SD, w〉w, where w is an itemset and 〈SD, w〉
a coefficient in N representing its support in the database. Indeed, an itemset have 1 as coefficient in the polynomial of the
transaction ti where it appears and, consequently, its coefficient in the database is then the number of the transactions where it
occurs. To illustrate this concept let us consider a running example by taking the following dataset {abde, bce, abde, abce,bcd,
abcde}.

Definition 3 (Itemset Prefixial Polynomial). Let x = ai1ai2 . . . aik
be a k-itemset, the prefixial polynomial associated with x

is Px defined as follows : Px =
∑

u∈Pref(x) u, where Pref(x) is the set of all the prefixes of x.

Definition 4 (Dataset Prefixial Polynomial). LetD = {t1, . . . , tn} be a dataset. The prefixial polynomial PD associated with
D is the sum of the n prefixial polynomials of its transactions :

PD =
∑n

i=1 Pti

Definition 5 (Prefixial Weighted Automaton (PWA)). Let PD be the prefixial polynomial of a datasetD. The related prefixial
weighted automaton PD = (Q,A, µ, λ, γ) is defined as follows :

– Q = range(PD),
– µ(u) = 1, for u = ε, and 0 otherwise, for u ∈ Q,
– λ(u, a, ua) = 1, for u and ua ∈ Q, and a ∈ A,
– γ(u) = 〈PD, u〉, for u ∈ Q.

Definition 6. Let D be a dataset, and PD the associated prefixial polynomial. The prefixial-bar polynomial PD is :
PD = 〈PD, ε〉+

∑
u∈A∗
a∈A
〈PD, ua〉ua

4. Main Results
Lemma 7. For a dataset D, the automaton PD realizes the polynomial PD.

Proposition 1. Let A and B be two PWAs associated respectively with datasets X and Y . There exists a PWA C for the
dataset X ∪ Y derived from A and B.

Proposition 2. Let D = {t1, . . . , tn} be a dataset. Let PD and SD respectively the associated prefixial-bar and the subse-
quence polynomials. Then : PD = SD
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FIG. 1 – A PWA associated with our running example dataset.

Algorithm 1 DISCOVER-FI(S, s, w,F)

Require: a PWA of D, the support-threshold s, a set
of states Qw, and an itemset w

Ensure: The set of all FI
for all a > w|w| do

(Qwa, 〈SD, wa〉)← EXTEND(Qw, w, a)
if 〈SD, wa〉 ≥ s then
F ← F ∪ {(wa, 〈S, wa〉)}
DISCOVER-FI(S, s, wa,F)

end if
end for

function EXTEND(Qw,w,a)
P ← Qw, R← ∅
while P 6= ∅ do

q ← pick a state from P
if i(q) = a then

R← R ∪ {q}
else if i(q) < a then

P ← P ∪ δ+(q)
end if

end while
return (R, γ(R))

end function

5. The Mining Algorithm
Once the PWA associated with D has been built, it serves as a structure for the problem space exploration. In the mining
phase, we explore the automaton using a DFS traversal as exhibited in Algorithm 1. We begin with the invocation DISCOVER-
FI(S, s, {q0}, ε, ∅) (q0 is the initial state). At each step, and starting from the set of states Qw, an itemset w is extended by
concatenation with its successors by the function EXTEND(Qw, w, a). This call returns the set Qwa of all paths labeled wa
with their coefficients. The support of the concerned itemset wa is then the sum of the coefficients of the elements in the
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FIG. 2 – two automata (a) and (b) and the merging one (c) by determinization.

returned set Qwa, (γ(R) =
∑

r∈R

γ(r)). If this extension succeeds with a frequent itemset, the process will continue taking into

account the last reached set of states Qwa ; Otherwise the returned couple is (∅, 0). Note that i(q) stands for the item-label of
the transition leading to the state q, with i(q0) = ε, and δ+(q) for the successor states of the state q.

Proposition 3. Algorithm 1 can be done in O(
∑

w∈F
a>w|w|

Cwa) time and O(|Q|) space, where Q is the set of states of the PWA,

and F is the set of FI in the dataset, and Cwa is the time required to compute the set Qwa by extending the set Qw.

Theorem 8. Let D = {t1, . . . , tn} be a dataset, and ε− PD the associated PWA augmented with ε moves. The discovery of
all FI of D with the respect of a support threshold s is equivalent to the computation of the deterministic weighted automaton
of ε−PD conditioned by the support s.

6. Comparison and Unification
Our model uses formal series, which are mappings between a monoid M and a semiring K. The appropriate choice of M
and K, and the automaton characteristics which realizes it is driven by the targeted application and needed performances. We
are convinced that this framework can be generalized for mining other elaborated items such as sequences, trees or graphs,
provided that much more work must be carried out to define monoids of these elements with the appropriate operations and
the corresponding implementations by means of specific automata. In what follows, we compare our model against the main
state of the art techniques, and explain how these ones can be derived from it.
Level-wise Approaches : Our model can be modified to fit a similar principle of [1] if we adopt a breadth-first determinisation
of the defined automaton.
Vertical Approaches : The main benefit of the vertical approach [4] is speedy in the support calculation via set intersections.
However, the drawback is when the intermediate results become too big. Our method, in contrast, is based on a simple output
weight read or their summation without need of any additional memory. We can see this approach as a formal series on the
powerset semiring of the set T of transactions (2T ,∪,∩, ∅, T ). Consequently it is equivalent to a DFS determinisation of our
automaton
Projection Approaches : While FPGrowth [2] uses a heavily intermediate memory, and time overhead, for conditional
databases construction, our model do not require any additional memory other that necessary for the automaton. Further, the
open ordering adopted in our model leads to significant time improvement both in the construction phase (only one scan
is required), and the mining one, since there is no need to repetitive resorting, neither database projections. To the end of
unification, we can view these approaches as a sequence of right derivations by the set of items A of our dataset subsequence
polynomial SD, or like the exploration of the mirror of the automaton.

7. Conclusion
We proved that the FI mining problem can be stated as a determinisation of an acyclic weighted automaton which

realizes a polynomial over the counting semiring. This formalism gives a generic view of the problem and leads to efficient
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implementation in both time and space. We argue that this formalism open many other extensions to mine more complex
structures which constitute our next investigation.
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Abstract
The aim of this work is to establish some properties of the coefficients of the chromatic polynomials of

special graphs. An application on (restricted) Stirling numbers of the second kind is considered.

1. Introduction and main results

The object of our investigations in this article is to establish the connection of chromatic polynomials of some
graphs and special (restricted) Stirling numbers of the second kind. We introduce variations of the Stirling numbers
of the second kind counting the number of partitions with special conditions and we give the relations of these num-
bers to the chromatic polynomials of special graphs and some of their properties. For a given graph G = (V,E) of

order n ≥ 1, the useful representation of the chromatic polynomial ofG used here isP (G,λ) =
n∑

i=χ(G)

αi (G) (λ)i,

see [2, Thm. 1.4.1], where αi (G) is the number of ways of partitioning V into i nonempty sets and χ (G) is the
chromatic number of G .
For any graph H, we give some recurrence relations for the coefficients αk (G ∪H) for some particular cases of
graphs G and some results on log-concavity and Pólya frequency for sequences related to these coefficients. We
also present an application on special (restricted) Stirling numbers of the second kind.
Indeed, let H be any graph of h vertices, h ≥ 1 and (Gn;n ≥ 0) be a sequence of graphs with the order of Gn is
n and G0 is the graph with no vertices with P (G0, λ) := 1.

The main results are based on the following theorem.

Theorem 1. Let n, k be nonnegative integers. Assume that

P (Gn, λ) = (λ− sn−1)P (Gn−1, λ) , n ≥ n0,

for some nonnegative integer n0 and real numbers s0, . . . , sn−1 such that s0 = 0.
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Then, for χ (Gn) ≤ k ≤ n we obtain

αk (Gn) = (k − sn−1)αk (Gn−1) + αk−1 (Gn−1) , n ≥ n0.

To give some special cases of Theorem 1, let On be the empty graph of order n, Kn the complete graph of
order n and Tn the tree of order n.

Proposition 1. Let n, k be integers. Then

a- For χ (H) ≤ k ≤ n+ h we obtain

αk (On ∪H) = kαk (On−1 ∪H) + αk−1 (On−1 ∪H), n ≥ 1.

b- For max (n, χ (H)) ≤ k ≤ n+ h we obtain

αk (Kn ∪H) = (k − n+ 1)αk (Kn−1 ∪H) + αk−1 (Kn−1 ∪H) , n ≥ 1.

c- For max (χ (Tn) , χ (H)) ≤ k ≤ n+ h we obtain

αk (Tn ∪H) = (k − 1)αk (Tn−1 ∪H) + αk−1 (Tn−1 ∪H), n ≥ 2.

Some properties of the sequences defined in Proposition 1 are given by the following proposition.

Proposition 2. For n, k ≥ 0, let (U (n, k))), (V (n, k))) and (W (n, k))) be sequences of nonnegative numbers
with U (n, k) = V (n, k) = W (n, k) = 0 when k > n and for 0 ≤ k ≤ n, these sequences are defined by

U (n, k) = αk+h (On ∪H) , V (n, k) = αk+1+h (Tn+1 ∪H) , W (n, k) = αk+h (Kn ∪H)

and let

Un (q) =
∑n

k=0 U (n, k) qk and Vn (q) =
∑n

k=0 V (n, k) qk.

Then, the sequences (U (n, k) , 0 ≤ k ≤ n) and (V (n, k) , 0 ≤ k ≤ n) are log-concave and Pólya frequency
sequences, the sequences of polynomials (Un(q)) and (Vn(q)) are q-log-convex sequences and the sequence
(W (n, k) , 0 ≤ k ≤ n) is a Pólya frequency sequence.

As it is known, the Stirling number of the second kind
{
n
k

}
and the r-Stirling number of the second kind

{
n
k

}
r

count, respectively, the number of partitions of an n-set into k nonempty sets and the number of partitions of an
n-set into k nonempty sets such that the r first elements are in different sets. Below, a restriction of these numbers
is considered.

Indeed, for any integer p ≥ 1, we set rp := (r1, . . . , rp) , |rp| :=
∑p

i=1 ri and consider the graph Kn,rp =
Kr1,...,rp ∪On with chromatic number χ

(
Kn,rp

)
= max (p, 1) = p. We start by giving the following definition.

Let R1, . . . , Rp be subsets of the set [n] with |Ri| = ri and Ri ∩ Rj = Ø for all i, j = 1, . . . , p, i 6= j. The
K (r1, . . . , rp)-Stirling number of the second kind, denoted by

{
n
k

}
K(rp)

:=
{
n
k

}
K(r1,...,rp)

, counts the number of
partitions of the set [n] into k nonempty subsets such that if x ∈ Ri and y ∈ Rj with i 6= j, then x and y belong to
different subsets of the partition.

164



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

From this definition, we may state the following:

{
n
k

}
K(r1,...,rp)

= 0, if n < |rp| or k < p,{
n
k

}
K(r1,...,rp)

=
{
n
k

}
|rp| if r1, . . . , rp ∈ {0, 1} ,{

n
k

}
K(r1,...,rp)

=
{
n
k

}
K(rσ(1),...,rσ(p)) for all permutations σ on the set [p].

Furthermore, for ri ≥ 1, i = 1, . . . , p, the coefficient αk
(
Kn,rp

)
represents the number of ways of partition-

ing the set of n + |rp| vertices of Kn,rp into k nonempty sets, and by the definition of the graph Kn,rp , any two
elements x of the i-th block of the subgraph Kr1,...,rp and y of the j-th block of Kr1,...,rp , with i 6= j, can’t be in
the same subset. So, αk

(
Kn,rp

)
=
{n+|rp|

k

}
K(rp)

.

Other interesting applications can be taken on the graphs Kr1
∪ · · · ∪ Krp ∪ On and Tr1 ∪ · · · ∪ Trp ∪ On.

The application on the graph Kr1
∪ · · · ∪ Krp ∪ On gives the (r1, . . . , rp)-Stirling numbers of the second kind

introduced by Mihoubi et al. in [4, 3].
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Abstract
We provide a new combinatorial interpretation of the two-parameter polynomial generalization of r-Lah

numbers using a weighted ordered partitions approach. Moreover, using combinatorial interpretation based
on inclusion-exclusion principal, we give an explicit formula and some combinatorial properties. Finally, we
provide a exponential generating function.
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1. Introduction
The r-Lah numbers, denoted

⌊
n
k

⌋
r
, are coefficients in the expression of the shifted raising and falling factorial of x, see [1],

(x+ r)n =
n∑

k=0

⌊
n+ r

k + r

⌋

r

(x− r)k, (1)

with xn = x(x+ 1)(x+ 2) · · · (x+ n− 1), xn = x(x− 1)(x− 2) · · · (x− n+ 1).
The r-Lah number

⌊
n
k

⌋
r

is interpreted combinatorially as the number of ways to partition a set of n elements into k
nonempty lists such that r elements must be in distinct lists.They satisfy the following recurrence relation

⌊
n

k

⌋

r

=
⌊
n− 1
k − 1

⌋

r

+ (n+ k − 1)
⌊
n− 1
k

⌋

r

, (2)

with initial values
⌊
n
k

⌋
r

= δk,r for n = r and
⌊
n
k

⌋
r

= 0 for n < k or k < r.
Many properties of the r-Lah numbers can be found in [1, 3, 7]. Recently, Shattuck [6] considered a two-parameter

polynomial generalization of the r-Lah numbers, denoted by Gα,β(n, k; r) and defined, for 1 ≤ k ≤ n+ 1, by the recurrence
relation

Gα,β(n+ 1, k; r) = Gα,β(n, k − 1; r) + (αn+ βk + (α+ β)r)Gα,β(n, k; r), (3)
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with initial values Gα,β(0, k; r) = δk,0 and Gα,β(n, 0; r) =
∏n−1
j=0 (α(j + r) + βr).

Note that, when α = β = 1 we obtain the r-Lah numbers and for r = 0, the numbers Gα,β(n, k; 0) are reduced to
the numbers

⌊
n
k

⌋α,β
studied in [2]. Also, for (α, β, r) = (α, 0, r), (0, α, r) and (α, α, r) we obtain the translated r-Whitney

numbers of three kinds respectively [2].
Our aim is to give a simple combinatorial interpretation of Gα,β(n, k; r) which allows us to provide proofs of some

combinatorial relations given in [6]. Furthermore, we propose an explicit formula and some other combinatorial identities.
Finally, the exponential generating function is established.

2. Main results
Let [n] = {1, 2, . . . , n}, [k, n] = {k, k+ 1, . . . , n} and Ωr(n, k) be the set of all possible ways to distribute the set of [n+ r]
into k + r ordered lists, one element at a time, such that

• r distinguished elements have to be in distinct ordered lists,

• the first element putted in the list have a weight 1,

• we assign a weight of β to the element inserted as head list,

• we assign a weight of α to the element inserted after an other one.

We will use the notation ” ·/ · / · · · /· ” to represent a distribution of elements into ordered lists. Given a distribution
ε ∈ Ωr(n, k), we define the weight of ε, denoted by w (ε), to be the product of the weights of its elements. Since the total
weight of Ωr(n, k) is given by the sum of weights of all distributions.

Theorem 1. For any non-negative integers n, k, we have

Gα,β(n, k; r) =
∑

ε∈Ωr(n,k)

ω(ε). (4)

The explicit formula of the generalized r-Lah numbers is expressed as follows

Theorem 2. For any n ≥ k ≥ r, we have

Gα,β(n, k; r) =
1

βk(k + r)!

k+r∑

j=0

(−1)j
(
k + r

j

)
(k + r − j)r (β(k + r − j) + αr|α) n. (5)

The generalized r-Lah numbers are linked to the symmetric functions, they satisfy

Theorem 3. We have

Gα,β(n+ k, n; r) =
∑

r≤i1≤···≤ik≤n+r

k∏

j=1

((α+ β)ij + α(j − 1)). (6)

The generalized r-Lah numbers have the following exponential generating function.

Theorem 4. For αβ 6= 0, we have

∑

n≥k
Gα,β(n, k; r)

xn

n!
=

1
k!

(1− αx)−(α+β)r/α

(
(1− αx)−β/α − 1

β

)k
. (7)
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Abstract

In this paper, we define a sequence of polynomials P (α)
n (x | A,H) depending only on the choice of two

analytic functions A and H in a neighborhood of zero. For a pair of compositional inverses A and B, we will
show the identity P (α)

n (x | B,H ◦B) = P
(n+1−α)
n (1− x | A,A′H) , which generalize the Carlitz’s identity

on Bernoulli polynomials.

Key words: Polynomial pairs, The higher order Bernoulli polynomials, Recurence relations.
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1. Introduction
Let A and H be two analytic functions around zero with A (0) = 0, A′ (0) 6= 0 and let P (α)

n (A,H) be defined by
(

t

A (t)

)α
H (t) =

∑

n≥0

P (α)
n (A,H)

tn

n!
. (1)

This definition is motivated by the work of Tempesta [4] on the generalized higher-order Bernoulli polynomials. The higher-
order Bernoulli polynomials of the first kind B(α)

n (x) [2] correspond to the choice A (t) = exp (t) − 1, H (t) = exp (xt)
and the higher order Bernoulli polynomials of the second kind b(α)

n (x) [3] correspond to the choice A (t) = ln (1 + t) ,
H (t) = (1 + t)x .
In this paper, we show that the Carlitz’s identity B(n+1−α)

n (x) = n!b(α)
n (x− 1) [1, Eqs. (2.11), (2.12)] can be generalized

to a large class of polynomials P (α)
n (x | A,H) introduced below.

∗speaker

169



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

2. Main results
Theorem 1. Let H, A, B be analytic functions around zero with (A ◦B) (t) = (B ◦A) (t) = t. Then

P (α)
n (B,H ◦B) = P (n+1−α)

n (A,A′H) ,

where (A′H) (z) := H (z)DzA (z) and Dz = d
dz .

To present some applications of Theorem 1, we give the following definition.

Definition 2. Let A and H be two analytic functions around zero with A (0) = 0, A′ (0) 6= 0 and let α, x be real numbers.

A sequence of polynomials
(
P

(α)
n (x | A,H)

)
is said to be of Appell type if

(
t

A (t)

)α
(A′ (t))xH (t) =

∑

n≥0

P (α)
n (x | A,H)

tn

n!
.

When we replace H (t) by (A′ (t))xH (t) in Theorem 1 we get

Corollary 2.1. Let α, x be real numbers and let A, B be analytic functions around zero with (A ◦B) (t) = (B ◦A) (t) = t.
Then, it holds

P (α)
n (x | B,H ◦B) = P (n+1−α)

n (1− x | A,H) , n ≥ 1.

In particular, for H (t) = 1 in Corollary 2.1, the polynomials P (α)
n (x | A) defined by

(
t

A (t)

)α
(A′ (t))x =

∑

n≥0

P (α)
n (x | A)

tn

n!
(2)

satisfy
P (α)
n (x | B) = P (n+1−α)

n (1− x | A) , (3)

and for H (t) =
(

t
B(t)

)β
(B′ (t))y in Corollary 2.1 with β, y real numbers, the polynomials P (α,β)

n (x, y | A,B) defined
by (

t

A (t)

)α
(A′ (t))x

(
t

B (t)

)β
(B′ (t))y =

∑

n≥0

P (α,β)
n (x, y | A,B)

tn

n!

satisfy
P (α,β)
n (x, y | A,B) = P (n+1−β,−α)

n (1− y,−x | A,B) = P (−β,n+1−α)
n (−y, 1− x | A,B) .

3. Connection to the partial Bell polynomials
Let Bn,k (x1, x2, . . .) := Bn,k (xj) be the partial Bell polynomials defined by

∑

n≥k
Bn,k (x1, x2, . . .)

tn

n!
=

1
k!


∑

j≥1

xj
tj

j!



k

.

Proposition 1. The sequence
(
P

(α)
k (A,H)

)
satisfies the following recurrence relations

P (n+1+α)
n (A,A′H) =

n∑

k=0

Bn,k (b1, b2, . . .)P
(α)
k (A,H) ,

P (α)
n (A,A′H) =

n∑

k=0

(
n

k

)
an−k+1P

(α)
k (A,H) ,
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where the sequences (an;n ≥ 1) and (bn;n ≥ 1) are defined by

∑

n≥1

an
tn

n!
= A (t) and

∑

n≥1

bn
tn

n!
= B (t) , a1b1 = 1.

For H (t) = 1 in Proposition 1 we get

Corollary 2.2. Let A be an analytic function around zero with A (0) = 0, A′ (0) 6= 0 and
(

t

A (t)

)α
(A′ (t))x =

∑

n≥0

P (α)
n (x | A)

tn

n!
.

Then, if we denote byB for the compositional inverse ofA, the sequence of polynomials
(
P

(α)
n (x | A)

)
satisfies the following

recurrence relations

P (n+1+α)
n (x+ 1 | A) =

n∑

k=0

Bn,k (b1, b2, . . .)P
(α)
k (x | A) ,

P (α)
n (x+ 1 | A) =

n∑

k=0

(
n

k

)
an−k−1P

(α)
k (x | A) .

References
[1] L. Carlitz, Degenerate Stirling, Bernoulli and Eulerian numbers. Util. Math., 1979, 15, 51–88.

[2] D.C. Kurtz, A note on concavity properties of triangular arrays of numbers. J. Combin. Theory Ser., 1972, A 13, 135–139.

[3] S. Roman, The umbral calculus. Dover Publ. Inc. New York, 2005.

[4] P. Tempesta, On Appell sequences of polynomials of Bernoulli and Euler type. J. Math. Anal. Appl., 2008, 341, 1295–
1310.

171



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

Generalized Geometric Polynomials and Applications to Series with
Zeta Values

Ayhan Dil1∗, Khristo N. Boyadzhiev2

1Middle East Technical University,
Department of Mathematics, 06531 Ankara, Turkey

dayhan@metu.edu.tr
2Ohio Northern University,

Department of Mathematics and Statistics, Ada, Ohio 45810,USA
k-boyadzhiev@onu.edu

Abstract

We provide several properties of the general geometric polynomials. Further, the general geometric poly-
nomials are used to obtain closed form evaluations of binomial series, Riemann’s zeta function, Hurwitz zeta
function and Lerch Trancendent.
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1. Introduction

Let S(n, k) be the Stirling numbers of the second kind. The geometric polynomials

ωn(x) =
n∑

k=0

S(n, k)k!xk

were discussed and used in [3, 4, 5, 6, 7]. The polynomials ωn can be extended to a more general form depending
on a parameter

ωn,r(x) =
1

Γ(r)

n∑

k=0

S(n, k)Γ(k + r)xk (1)

for every r > 0, where ωn,1 = ωn . The polynomials ωn,r(x) have the property
(
x
d

dx

)m 1
(1− x)r+1

=
∞∑

k=0

(
k + r

k

)
kmxk

=
1

(1− x)r+1
ωm,r+1

(
x

1− x

)
(2)
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for any m, r = 0, 1, 2, ... and also participate in the series transformation formula

∞∑

k=0

(
k + r

k

)
f(k)xk =

1
(1− x)r+1

∞∑

m=0

f (m)(0)
m!

ωm,r+1

(
x

1− x

)

for appropriate entire functions f(z), see [3].
On the other hand, considering the Pochhammer symbol

(x)n = x (x+ 1) . . . (x+ n− 1) =
Γ (x+ n)

Γ (x)

we have

wn,r (x) =
n∑

k=0

S (n, k) (r)k x
k. (3)

The purpose of this talk is to present further properties and applications of the polynomials ωn,r. To prove
some of these properties we shall use the close relationship of ωn,r to the exponential polynomials

ϕn(x) =
n∑

k=0

S(n, k)xk

which were studied in [2, 3, 5]. The new properties are collected in Section 2, while the applications are in Section
3. In Section 3 we evaluate in closed form several series with zeta values. For example, the following series is
evaluated in closed form (for any |x| < 2 and for arbitrary integers r ≥ 0, p > 0 )

∞∑

n=1

(
n+ r

n

)
np {ζ(n+ 1)− 1}xn.
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Abstract

In this work we present some existences and uniqueness results and compactness of some class of
systems of difference equations. The approach is based on a fixed point theory in generalized metric
space in Prevo sense.
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1. Introduction

Let R and N be the sets of real numbers and integers, respectively. For N(a, b) with a < b, define N(a, b) =
{a, a+ 1, . . . b+ 1}. We consider the following system of difference equation:





∆x(k) = f(k, x(k), y(k)), k ∈ N(a, b− 1) = {a, a+ 1, . . . , b− 1},
∆y(k) = g(k, x(k), y(k)), k ∈ N(a, b− 1),

x(a) = x0,
y(a) = y0,

(1.1)

where f, g : N(a, b− 1)× Rm → Rm are given functions.
Due to the wide application in many fields such as astrophysics, gas dynamics, fluid mechanics, rel-

ativistic mechanics, nuclear physics and chemically reacting systems in terms of various special forms of
f(k, x, y), etc., the theory of difference equations has been widely studied since 90’s of the last century (see,
for example, [1]). Also, in recent years, there are many other literature dealing with various boundary value
conditions of difference equations. We refer to [3, 5] and references therein. However, we note that these
results were usually obtained by analytic techniques and various fixed point theorems. For example, the up-
per and lower solution method, the conical shell fixed point theorems, the Brouwer and Schauder fixed point
theorems and topological degree theory (see, for example [1, 2] and the references therein. Our purpose in
this paper is to show that the existence of solutions of the impulsive differential inclusions considered is a
problem equivalent to some abstract equations in generalized Banach space. The goal of this paper is to
solve some a class of system of difference equations by using fixed point theory.
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2. Generalized metric and Banach spaces

In this section we define vector metric spaces and generalized Banach spaces and prove some properties. If,
x, y ∈ Rn, x = (x1, . . . , xn), y = (y1, . . . , yn), by x ≤ y we mean xi ≤ yi for all i = 1, . . . , n. Also
|x| = (|x1|, . . . , |xn|) and max(x, y) = max(max(x1, y1), . . . ,max(xn, yn)). If c ∈ R, then x ≤ c means
xi ≤ c for each i = 1, . . . , n. For x ∈ Rn, (x)i = xi, i = 1, . . . , n.

Definition 1. Let X be a nonempty set. By a vector-valued metric on X we mean a map d : X ×X → Rn

with he following properties:

(i) d(u, v) ≥ 0 for all u, v ∈ X; if d(u, v) = 0 then u = v

(ii) d(u, v) = d(v, u) for all u, v ∈ X

(iii) d(u, v) ≤ d(u,w) + d(w, v) for all u, v, w ∈ X.

Note that for any i ∈ {1, . . . , n} (d(u, v))i = di(u, v) is a metric space in X.

We call the pair (X, d) generalized metric space .For r = (r1, r2, . . . , rn) ∈ Rn
+,we will denote by

B(x0, r) = {x ∈ X : d(x0, x) < r}

the open ball centrad in x0 with radius r and

B(x0, r) = {x ∈ X : d(x0, x) ≤ r}

the closed ball centered in x0 with radius r.

Definition 2. Let E be a vector space on K = R or C. By a vector-valued norm on E we mean a map
‖ · ‖ : E → Rn

+ with the following properties:

(i) ‖x‖ ≥ 0 for all x ∈ E ; if ‖x‖ = 0 then x = 0

(ii) ‖λx‖ = |λ|‖x‖ for all x ∈ E and λ ∈ K

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ E.

The pair (E, ‖ · ‖) is called a generalized normed space. If the generalized metric generated by ‖ · ‖ (i.e
d(x, y) = ‖x− y‖) is complete then the space (E, ‖ · ‖) is called a generalized Banach space, where

‖x− y‖ =



‖x− y‖1
. . .

‖x− y‖n


 .

Definition 3. A square matrix of real matrix of real numbers is said to be convergent to zero if and only if
its spectral radius ρ(M) is strictly less than 1 ,In other words ,this means that all the eigenvalues of M are
in the open unit disc.
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3. Fixed point results

The classical Banach contraction principle was extended for contractive maps on spaces endowed with
vector-valued metric space by Perov in 1964 [7], Perov and Kibenko [6] and Precup [6]. For a version of
Schauder fixed point, see Cristescu [4]. The purpose of this section is to present the version of Schaefer’s
fixed point theorem and nonlinear alternative of Leary-Schauder type in generalized Banach spaces.

Theorem 4. [7]Let (X, d) be a complete generalized metric space with d : X × X −→ Rn and let
N : X −→ X be such that

d(N(x), N(y)) ≤Md(x, y)

for all x, y ∈ X and some square matrix M of nonnegative numbers. If the matrix M is convergent to zero,
that is Mk −→ 0 as k −→∞, then N has a unique fixed point x∗ ∈ X

d(Nk(x0), x∗) ≤Mk(I −M)−1d(N(x0), x0)

for every x0 ∈ X and k ≥ 1.

Theorem 5. [4] Let E be a generalized Banach space, C ⊂ E be a nonempty closed convex subset of E
and N : C → C be a continuous operator with relatively compact range. Then N has at least fixed point in
C.

As a consequence of Schauder fixed point theorem we present the version of Schaefer’s fixed point
theorem.

Theorem 6. Let (E, ‖ · ‖) be a generalized Banach space and N : E → E is a continuous compact
mapping. Moreover assume that the set

A = {x ∈ E : x = λN(x) for some λ ∈ (0, 1)}

is bounded. Then N has a fixed point.

4. Existence and Uniqueness Result

Let us introduce the following hypothesis:

(H1) There exist nonnegative numbers ai and bi for each i ∈ {1, 2}
{
|f(k, x, y)− f(k, x, y)| ≤ a1|x− x|+ b1|y − y|
|g(k, x, y)− g(k, x, y)| ≤ a2|x− x|+ b2|y − y|

for all x, y, x, y ∈ Rm.

For our main consideration of Problem (1.1), a Preov fixed point is used to investigate the existence and
uniqueness of solutions for system of impulsive stochastic differential equations.

Theorem 7. Assume that (H1) is satisfied and the matrix

M = (b− 1)
(
a1 b1
a2 b2

)
∈M2×2(R+).

If M converges to zero. Then the problem (1.1) has unique solution.
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In ordinary differential equations the Arzela-Ascoli theorem plays an important role. In this section we
give the discrete version of the Arzela-Ascoli theorem. The topology on N(0, b + 1) will be the discrete
topology. Let (E, | · |) be a Banach space, we denote the space of continuous functions on N(0, b+ 1) by

C(N(a, b− 1), E) = {y : N(a, b− 1)→ E, is continuous}

with norm
‖y‖∞ = sup

k∈N(0,b+1)
|y(k)|

is Banach space. Now we set and prove the discrete Arzela-Ascoli Theorem.

Theorem 8. Let A be a closed subset of C(N(0, b+ 1), E). If Ω is uniformly bounded and the set

{y(k) : y ∈ Ω}

is relatively compact for each k ∈ N(0, b+ 1), then Ω is compact.

We shall also need the following existence principles.

Theorem 9. Let f, g : N(a, b− 1)× Rn × Rn −→ Rn are continuous functions. Assume that condition

(H5) There exist p1, p2 ∈ C(N(a, b− 1),R+) such that

|f(k, x, y)| ≤ p1(k)(|x|+ |y|), k ∈ N(a, b− 1), (x, y) ∈ Rn × Rn,

and
|g(k, x, y)| ≤ p2(k)(|x|+ |y|), k ∈ N(a, b− 1), (x, y) ∈ Rn × Rn.

holds. Then the problem (1.1) has at least one solution. Moreover, the solution set S(x0, y0) is compact and
the multivalued map S : (x0, y0)( S(x0, y0) is u.s.c.

Now we shall consider the discrete system (1.1) where f, g : N(a) × Rn × Rn → Rn are continuous
functions. For the second result we shall also use the following discrete version of Avramescu criteria of
compactness in BC(N,Rn).

Theorem 10. A set Ω ⊂ BC(N, E) is relatively compact if the following conditions hold:

(i) for every k ∈ N the set {y(k) : x ∈ Ω} is relatively compact in E,

(ii) the functions from Ω are equiconvergent at infinity, i.e. for every ε > 0 there exists k(ε) ∈ N such that
if |y(k)− y(∞)| ≤ ε for all k > kε and y ∈ Ω.

Now we consider the following Cauchy problem with parameter




∆x(k) = f(k, x(k), y(k), α), k ∈ N(a),
∆y(k) = g(k, x(k), y(k), α), k ∈ N(a),

x(a) = x0,
y(a) = y0,

(4.1)

where α ∈ Rm is a parameter such that |α−α0| ≤ δ and α0 is a fixed vector in Rm and f, g : N(a)×Rn×
Rn × Rm → Rn are given functions.
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Theorem 11. Let Let f, g : N(a, b− 1)× Rn × Rn −→ Rn are continuous functions satisfies

(H6) There exist p1, p2 ∈ C(N(a, b− 1),R+) such that

|f(k, x, y)| ≤ p1(k)(|x|+ |y|), k ∈ N(a, b− 1), (x, y) ∈ Rn × Rn,

and
|g(k, x, y)| ≤ p2(k)(|x|+ |y|), k ∈ N(a, b− 1), (x, y) ∈ Rn × Rn.

with ∞∑

l=a

(p1(k) + p2(k)) <∞.

Then problem (4.1) has at least one solution. Moreover, the solution set S(x0, y0) is compact and the
multivalued map S : (x0, y0)( S(x0, y0) is u.s.c.
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Abstract

The Stirling number of the second kind
{

G
k

}
for a graph G is the number of independent partitions of V (G)

into k subsets, it can be graph-theoretically interpreted as the number of non isomorphic colorings of G with
exactly k colors. The Bell number BG for a graph G is the number of unordered independent partitions of
V (G). We have already established a convolution sum and interpreted some identities and recurrence relations
related to these numbers for some families of graphs. As an extension of our work we introduce the graphical

s-associated Stirling numbers of the second kind
{

G
k

}(s)
that count the number of independent partitions of

V (G) into k subsets such that each subset contains at least s elements and we investigate these numbers for
other classes of graphs.

Key words: Stirling numbers, Bell numbers, Associated Stirling numbers, Independent partitions.

1. Introduction
Let G be a simple (finite) graph. A partition of V (G) is called an independent partition if each block is an independent vertex
set (i.e. adjacent vertices belong to distinct blocks). Then for a positive integer k ≤ |V (G)|, let the Stirling number of the
second kind

{
G
k

}
for graph G be the number of independent partitions of V (G) into k subsets, moreover let

{
G
0

}
= 0, and

define the Bell number BG for graph G as the number of independent partitions of V (G). Then

BG =
|V (G)|∑

k=0

{
G

k

}
.

It’s known that for any simple graph G,
{

G
k

}
= 0 if 0 ≤ k ≤ χ(G) − 1, where χ(G) is the chromatic number of G.

Moreover
{

G
|V (G)|

}
= 1 and

{
G

|V (G)|−1

}
= |V (G)|(|V (G)| − 1)/2− |E(G)|.

Stirling and Bell numbers can be computed using a recurrence relation on graphs (see Theorem 1 by Duncan and Peele
[2]).

Theorem 1. If G is a simple graph, e ∈ E(G) and 0 ≤ k ≤ |V (G)| − 1, then
{

G
k

}
=
{

G−e
k

}
−
{

G/e
k

}
and BG = BG−e −

BG/e, where G− e and G/e are the simplified graphs obtained by deleting and contracting edge e from G, respectively.

Stirling and Bell numbers of graphs were defined by Duncan and Peele [3], Kereskényi-Balogh and Nyul [5] summarized
known properties related to these numbers. Duncan [2] described these numbers for graphs having two components.
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2. Main results
For vertex-disjoint graphs G and H , their join G ∨ H is the supergraph of G ∪ H in which each vertex of G is adjacent to
every vertex of H and both G and H are induced subgraphs. Duncan [5] showed that BG∨H = BG.BH . We can see for
instance some join graphs in the figure 1.

Figure 1: Join of some well-known graphs

Theorem 2. Let G and H be simple graphs of order n ≥ 1, p ≥ 1 respectively, with χ(G) + χ(H) ≤ k ≤ n+ p. Then

{
G ∨H
k

}
=

k∑

j=0

{
G

j

}{
H

k − j

}
.

Corollary 2.1. Let G1, ..., Gr be simple graphs and denote by G1 + ... + Gr their join, with |Gi| = ni and χ(Gi) = χi,

k ∈
[

r∑
i=1

χi,
r∑

i=1

ni

]
.

Then, {
G1 + ...+Gr

k

}
=

∑

k1+...+kr=k

{
G1

k1

}{
G2

k2

}
...

{
Gr

kr

}
.

Theorem 3. Let us consider γp,k =
{Gu1,u2,...,up

k

}
/ Gu1,u2,...,up

denotes the graph G with p pendant vertices with (p ≤ n),
|G| = n, χ(G) + p ≤ k ≤ n+ p and add the restriction that each vertex of G is adjacent to at most one pendant vertex. We
refer to this class of graphs as p-pendant graphs and we use the notation G(p). Then,

γp,k =
k−1∑

i=0

γ0,k−i

k−1∑

j1+j2+...+ji+1=p−i

(k − 1)j1 ...(k − i+ 1)ji+1 .

The following figure shows some p-pendant graphs.
Knowing the Stirling and the Bell numbers of some fewer graphs; En, Kn, Sn, Pn, Pn, Cn, Cn, Km,n that denote

the empty graph, the complete graph, the star graph, the path graph, the complementary of the path graph, the cycle graph,
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Figure 2: Some p-pendant graphs

the complementary of the cycle graph and the complete bipartite graph, respectively, we compute the Stirling and the Bell
numbers of some join of two special graphs listed above. The application of the last theorem allows us to compute the Stirling
numbers of the second kind for other families of graphs. Let us now add a restriction to graphical Stirling numbers of the
second kind on the number of vertices by blocks, so that each block contains at least s elements and we call them for s ≥ 1
and |V (G)| ≥ sk, the associated Stirling numbers of the second kind and we use the notation

{
G
k

}(s)
. So,

{
G
k

}(s)
counts

the number of independent partition of V (G) into k subsets such that each subset contains at least s elements. In term of
coloring, it can be interpreted as the number of ways to color G with exactly k colors such that each color is assigned at least
s times.

It’s clear that for G = En (empty graph with n vertices),
{

En

k

}(s)
is the ordinary s− associated Stirling number of the

second kind
{

n
k

}(s)
.

For s = 1, these numbers are reduced to graphical Stirling numbers of the second kind.
The number of ways to color a path graph of n vertices Pn with exactly k colors such that each color is assigned at least

twice can be computed using the following recurrence relation, for k ≥ 2 and n ≥ 2k :

{
Pn

k

}(2)

= (n− 2)
{
Pn−2

k − 1

}(2)

+ (k − 1)
{
Pn−1

k

}(2)

.

Theorem 4. Let Pn be a path graph of order n ≥ 2, for s ≥ 1, k ≥ 2 and n ≥ sk we have,

{
Pn

k

}(s)

=
(
n− 2
s

){
Pn−2

k − 1

}(s)

+ (k − 1)
{
Pn−1

k

}(s)

.
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Abstract

In this paper, we study the r-Jacobi-Stirling numbers of the second kind introduced by Gelineau in his Phd
thesis. We give, upon using combinatorial and analytic arguments, the ordinary generating function of these
numbers, two recurrence relations, their exact expressions and the log-concavity.
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1. Introduction
Let α and β be real numbers such that α > −1 and β > −1. The n-th Jacobi polynomial P (α,β)

n (x) is defined as the unique
polynomial solution with degree n satisfies the following Jacobi ordinary differential equation of second order:

(
1− x2

)
y′′ (x) + (β − α− (α+ β + 2)x) y′ (x) + n (n+ α+ β + 1) y (x) = 0 (1)

with inial conditions

P (α,β)
n (1) =

(
α+ 1
n

)
and P (α,β)

n (−1) = (−1)n
(
β + 1
n

)
. (2)

We introduce Jacobi differential operator l(α,β) [y] (x) to be

l(α,β) [y] (x) =
1

w(α,β) (x)
(
−w(α+1,β+1) (x) y′ (x)

)′
, w(α,β) (x) = (1− x)α (1 + x)β . (3)

Then, the polynomial solution y = P
(α,β)
n (x) of (1) satisfies

l(α,β) [y] (x) = n (n+ α+ β + 1) y (x) . (4)

For the n-th composite powers of the Jacobi operator l(α,β) given inductively by

l
(1)
(α,β) [y] = l(α,β) [y] , l(2)(α,β) [y] = l(α,β)

(
l(α,β) [y]

)
, . . . , l

(n)
(α,β) [y] = l(α,β)

(
l
(n−1)
(α,β) [y]

)
,
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the authors Everitt-Kwon et al. [3, Theorem 4.2] proved that

l
(n)
(α,β) [y] (x) =

1
w(α,β) (x)

n∑

k=0

(−1)k JS (n, k;α, β)
(
w(α+k,β+k) (x) y(k) (x)

)(k)

, n ≥ 0, (5)

where the coefficients JS (n, k;α, β) are the Jacobi-Stirling numbers of the second kind.
The same authors proved in [3, 4.4] that the Jacobi-Stirling number JS (n, k;α, β) has the following exact expression

JS (n, k;α, β) =
1
k!

k∑

j=0

(−1)k−j
(
k

j

)
α+ β + 2j + 1

(α+ β + k + j + 1)k+1

(j (j + α+ β + 1))n , (6)

where (x)n := x (x− 1) · · · (x− n+ 1) if n ≥ 1 and (x)0 := 1.
We remark that the last expression of JS (n, k;α, β) depends only on α+ β, so if set z := α+ β + 1 and JS (n, k;α, β) :=
JS (n, k; z) , the identity given in (6) becomes

JS (n, k; z) =
1
k!

k∑

j=0

(−1)k−j
(
k

j

)
z + 2j

(z + k + j)k+1

(j (j + z))n , z > −2. (7)

Using different methods, Everitt et al. [3, Theorem 4.1] and Y. Gelineau et al. [4, Section 4.2] showed that

Xn =
n∑

k=0

JS (n, k; z) (X)k,z , (8)

where (X)k,z :=
∏k−1
i=0 (X − i (i+ z)) if k ≥ 1 and (X)0,z := 1.

The equation (8) shows the the Jacobi-Stirling numbers satisfy the following recurrence relation:

JS (0, 0; z) = 1,
JS (n, 0; z) = JS (0, k; z) = 0 if n, k ≥ 1,
JS (n, k; z) = JS (n− 1, k − 1; z) + k (k + z) JS (n− 1, k; z) if n, k ≥ 1.

To give a combinatorial interpretation of the Jacobi–Stirling number JS (n, k; 2γ − 1) , let [±n] be the set {±1,±2, ...,±n} and
we will use definition of the jacobi-Stirling set partition [2, definition 4.1] given as follows.

Definition 1. For all positive integers n, j, γ, a Jacobi–Stirling set partition of [±n] into γ zero blocks A1, . . . , Aγ and j
nonzero blocks B1, . . . , Bk is an ordinary set partition of [±n] into j + γ blocks for which the following conditions hold:

(1) The blocks A1, . . . , Aγ , called the zero blocks, are distinguishable, but the blocks B1, . . . , Bk are indistinguishable.
(2) The zero blocks may be empty, but all other blocks are nonempty.

(3) ∀i ∈ [n] = {1, 2, . . . , n} , {−i, i} *
γ
∪
j=1

Aj ,

(4) ∀j ∈ [k] , ∀i ∈ [n] , we have {−i, i} ⊂ Bj ⇔ i = minBj .

Andrews et al. showed that the Jacobi–Stirling number JS (n, k; 2γ − 1) is the number of Jacobi–Stirling set partitions of
[±n] into γ zero blocks and j nonzero blocks.[2, Theorem 4.1].
In his Phd Thesis, Gelineau [5, Section 1.4] has introduced the r-Jacobi-Stirling numbers of the second kind JSr (n, k; z) ,
n ≥ r ≥ 0, as follows:

Definition 2. The r-Jacobi–Stirling number JSr (n, k; 2γ − 1) is the number of Jacobi–Stirling set partitions of [±n] into γ
zero blocks and k nonzero blocks such that minBj = j for j = 1, . . . , r.

The author gives some interesting properties of these numbers. In this paper, we study the r-Jacobi-Stirling numbers of the
second kind by giving, with combinatorial and analytic proofs, their ordinary generating function, two recurrence relations,
their exact expressions and the log-concavity.
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2. Main results
To start, we give in the following theorem the ordinary generating function.

Theorem 3. For all positive integers n, k, the r-Jacobi–Stirling number JSr (n, k; z) has ordinary generating function to
be

∑

n≥0

JSr (n+ k, k; z) tn =

(
k∏

i=r

(1− i (i+ z) t)

)−1

.

Proposition 1. For all positive integers n, k, r, the r-Jacobi–Stirling numbers JSr (n, k; z) satisfy

JSr (n, k; z) = JSr−1 (n, k; z)− (r − 1) (r − 1 + z) JSr−1 (n− 1, k; z) .

Proposition 2. For all positive integers n, k, the r-Jacobi–Stirling numbers JSr (n, k; z) satisfy

JSr (n, k; z) = JSr (n− 1, k − 1; z) + k (k + z) JSr (n− 1, k; z) , 0 ≤ r ≤ k ≤ n, r < n.

Theorem 4. For non-negative integers n, k, r, the r-Jacobi–Stirling numbers have the following expression:

JSr (n+ r, k + r; z) =
1
k!

k∑

j=0

(−1)k−j
(
k

j

)
2j + 2r + z

(j + k + 2r + z)k+1

((j + r) (j + r + z))n .

In particular, for r = 0 or r = 1, we get

JS (n, k; z) =
1
k!

k∑

j=0

(−1)k−j
(
k

j

)
2j + z

(j + k + z)k+1

(j (j + z))n .

Corollary 4.1. For non-negative integers n, k, r, the r-Jacobi–Stirling numbers can be expressed in terms of the Jacobi–
Stirling numbers as follows:

JSr (n+ r, k + r; z) =
n−k∑

i=0

(
n

i

)
(r (r + z))i JS (n− i, k; z + 2r) .

Corollary 4.2. For non-negative integers n, r, the r-Jacobi–Stirling numbers satisfy

(X + r (r + z))n =
n∑

k=0

JSr (n+ r, k + r; z) (X)k,z+2r .

Theorem 5. For all positive integer n and real number z ≥ −1, the polynomial

Pn (x; r) =
n∑

k=0

JSr (n+ r, k + r; z)xk

has only real simple non-positive zeros, and then, the r-Jacobi-Stirling numbers of the second kind are strictly log-concave
(thus unimodal).
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Abstract

Using a combinatorial approach, we introduce the Stirling numbers with constraint. We give the recurrence
relation and some identities in bijection with the chromatic polynomial.
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1. Introduction

The Stirling numbers of second kind, denoted by S(n, k), are defined as follows

xn =
n∑

k=0

S(n, k)x(x− 1) · · · (x− k + 1).

It well known that S(n, k) is the number of partitions of the set {1, 2, · · · , n} into k non empty subsets. They satisfy the
recurrence relation, for any 1 ≤ k ≤ n

S(n, k) = S(n− 1, k − 1) + kS(n− 1, k),

white initial values S(n, 0) = δn,0. In [5], the authors have introduces a generalization of Stirling numbers, denoted S2(n, k),
and defined as the number of partitions of {1, 2, · · · , n} into k nonempty subsets such that for any i, j in a given subset we
have |i−j| ≥ d. They give the recurrence relation and some identities and properties. They focused on the case d = 2, where
they found some properties in bijection with the chromatic polynomial.

Theorem 1. [5] For any n ≥ k ≥ 2

S2(n, k) = S2(n− 1, k − 1) + (k − 1)S2(n− 1, k).
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Theorem 2. [5] Let Pn denote the path on n-vertices

χ̃(Pn, k) = k!S2(n, k).

where χ̃(G, k) denote the chromatic polynomial using exactly k colors.

Our aim is to introduce Stirling numbers with new constraint. We denote these numbers by Sd(n, k) where n ≥ 1, Based
on the interpretation, we derive recurrence relation and we establish combinatorial identities.

2. Main results

We start by introducing the Stirling numbers with constraint.

Definition 1. For a positive integer d, let Sd(n, k) denote the number of partitions of {1,2,· · · ,n} into exactly k nonempty
subsets such that for each subset ε we require min{|i− j|, n− |i− j|} ≥ d, where i,j ∈ ε.

Notice the case d = 1 yields the classical Stirling numbers of the second kind, S(n, k).

If we want to represent all elements in the form of a graph such that each element is represented by a vertex and two
vertices are adjacent if it do not match the condition, we obtain:

1

2

3

I

n− 2

n− 1

n

I + 1

We first focus on the numbers S2(n, k), their representation in the form of a graph is:

1

2

3

n

n− 1

n− 2

It satisfy the following recurrence relation:

Theorem 3. For any n ≥ k

S2(n, k) = S2(n− 1, k − 1) + (k − 2) ·S2(n− 1, k) + S2(n− 2, k − 1)

= +(k − 1) ·S2(n− 2, k).
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n\ k 0 1 2 3 4 5 6 7 8
0 1
1 0 1
2 0 0 1
3 0 0 0 1
4 0 0 1 2 1
5 0 0 0 5 5 1
6 0 0 1 10 20 9 1
7 0 0 0 21 70 56 14 1
8 0 0 1 42 231 294 126 20 1

Table 1: The triangle of the numbers S2(n, k) (0 ≤ k ≤ n ≤ 8).

Theorem 4. Let Cn denote a cycle with length n, we have

χ̃(Cn, k) = k!S2(n, k).

The explicit formula of S2(n, k) is given by

Theorem 5. For n ≥ 2 and k ≤ n, we have

S2(n, k) =
1
k!

k−2∑

j=0

(−1)j

(
k

j

)
[(k − j − 1)n + (−1)n(k − j − 1)] .
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Abstract

We present some existence and uniqueness and compactness of solution sets for system of stochastic differ-
ence . Our approach based on Perov and Schauder type fixed point theorem fixed point in generalized Banach
spaces.

Key words: Stochastic difference equations, Matrix convergent, Generalized Banach space, Fixed point.

2010 Mathematics Subject Classification:39A10,60H99,47H10.

1. Introduction
Difference equations usually appear in the investigation of systems with discrete time or in the numerical solution of systems
with continuous time [1].In recent years, the stability investigation of stochastic difference equations has been interesting to
many investigators, and various advanced results on this problem have been reported [2] and [3]. Consider the following
linear stochastic difference equation





xi+1 = G1(k, xi−h, . . . , xi, yi−h, . . . , yi)ξi, i ∈ Z,
yi+1 = G2(k, xi−h, . . . , xi, yi−h, . . . , yi)ξi, i ∈ Z,
x(i) = ϕi,

y(i) = ϕ
′
i,

(1)

This paper is concerned with the existence of solutions for the perturbed of stochastic difference equation of the following
type: 




xi+1 = F 1(k, xi−h, . . . , xi, yi−h, . . . , yi) +G1(k, xi−h, . . . , xi−h, yi−h, . . . , yi)ξi, i ∈ Z,
yi+1 = F 2(k, xi−h, . . . , xi, yi−h, . . . , yi) +G2(k, xi−h, . . . , xi−h, yi−h, . . . , yi)ξi, i ∈ Z,
x(i) = ϕi, i ∈ Z0,

y(i) = ϕ
′
i, i ∈ Z0

(2)

has been investigated widely. Here i is a discrete time,i ∈ Z0 ∪ Z, Z0 = {−h, . . . , 0}, Z = {0, 1, 2, . . .}, h is a given
nonnegative integral number, the sequence of real numbers {xi, yi} is a solution of (2), F,G : Z × Rh+1 × Rh+1 → R.
Let {Ω, P,Fn} be a basic probability space, fi ∈ Fi, be a sequence of Fn-algebras, E be the mathematical expectation,
ξ0, ξ1, . . . be a sequence of mutually independent random variables, ξi ∈ R, ξi be fi+1-adapted and independent on Fi+1 ,
E(ξi) = 0, E(ξi) = 1, i ∈ Z.
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2. Preliminaries
In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper.

Let (Ω,F ,P) be a complete probability space with a filtration (F = Fn)n∈N0 satisfying the usual conditions (i.e. right
continuous and F0 containing all P-null sets). An R-valued random variable is an F-measurable function xk : Ω → R and
the collection of random variables

S = {xk(ω) = x(k, ω) : Ω→ R| k ∈ N0}
is called a stochastic process. Generally, we just write xk instead of xk(ω).
Let C = C(N0,Rn) denote the class of maps x continuous on N0 (discrete topology)with the norm

‖x‖ = max
k∈Z

E|x(k)|2.

when the initial condition ϕ = (ϕ−h, . . . , ϕ0)T satisfies ‖ϕ‖2 = max
k∈Z0

E|ϕi|2. Note that C is a Banach space.By a solution

of (1),we mean a pair (x, y) ∈ C × C such that it satisfies problem (1).

3. Generalized metric and Banach spaces
In this section we define vector metric spaces and generalized Banach spaces and prove some properties. If, x, y ∈ Rn,
x = (x1, . . . , xn), y = (y1, . . . , yn), by x ≤ y we mean xi ≤ yi for all i = 1, . . . , n. Also |x| = (|x1|, . . . , |xn|)
and max(x, y) = max(max(x1, y1), . . . ,max(xn, yn)). If c ∈ R, then x ≤ c means xi ≤ c for each i = 1, . . . , n. For
x ∈ Rn, (x)i = xi, i = 1, . . . , n.

Definition 1. Let X be a nonempty set. By a vector-valued metric on X we mean a map d : X ×X → Rn with he following
properties:

(i) d(u, v) ≥ 0 for all u, v ∈ X; if d(u, v) = 0 then u = v

(ii) d(u, v) = d(v, u) for all u, v ∈ X
(iii) d(u, v) ≤ d(u,w) + d(w, v) for all u, v, w ∈ X.

Note that for any i ∈ {1, . . . , n} (d(u, v))i = di(u, v) is a metric space in X.

We call the pair (X, d) generalized metric space .For r = (r1, r2, . . . , rn) ∈ Rn
+,we will denote by

B(x0, r) = {x ∈ X : d(x0, x) < r}
the open ball centrad in x0 with radius r and

B(x0, r) = {x ∈ X : d(x0, x) ≤ r}
the closed ball centered in x0 with radius r.

Definition 2. Let E be a vector space on K = R or C. By a vector-valued norm on E we mean a map ‖ · ‖ : E → Rn
+ with

the following properties:

(i) ‖x‖ ≥ 0 for all x ∈ E ; if ‖x‖ = 0 then x = 0

(ii) ‖λx‖ = |λ|‖x‖ for all x ∈ E and λ ∈ K

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ E.

The pair (E, ‖·‖) is called a generalized normed space. If the generalized metric generated by ‖·‖ (i.e d(x, y) = ‖x−y‖)
is complete then the space (E, ‖ · ‖) is called a generalized Banach space, where

‖x− y‖ =



‖x− y‖1
. . .

‖x− y‖n


 .

Notice that ‖ · ‖ is a generalized Banach space on E if and only if ‖ · ‖i, i = 1, . . . , n are norms on E.
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Definition 3. A square matrix of real matrix of real numbers is said to be convergent to zero if and only if its spectral radius
ρ(M) is strictly less than 1 ,In other words ,this means that all the eigenvalues of M are in the open unit disc.

Lemma 4. [?] Let M be a square matrix of nonnegative numbers. The following assertions are equivalent:

(i) M is convergent towards zero;

(ii) the matrix I −M is non-singular and

(I −M)−1 = I +M +M2 + . . .+Mk + . . . ;

(iii) ‖λ‖ < 1 for every λ ∈ C with det(M − λI) = 0

(iv) (I −M) is non-singular and (I −M)−1 has nonnegative elements;

Some examples of matrices convergent to zero are the following:

1) A =
(
a 0
0 b

)
, where a, b ∈ R+ and max(a, b) < 1

2) A =
(
a −c
0 b

)
, where a, b, c ∈ R+ and a+ b < 1, c < 1

3) A =
(
a −a
b −b

)
, where a, b, c ∈ R+ and |a− b| < 1, a > 1, b > 0.

The classical Banach contraction principle was extended for contractive maps on spaces endowed with vector-valued metric
space by Perov in 1964 [4], Perov and Kibenko [?] and Precup [?]. For a version of Schauder fixed point, see Cristescu
[5]. The purpose of this section is to present the version of Schaefer’s fixed point theorem and nonlinear alternative of
Leary-Schauder type in generalized Banach spaces.

Theorem 5. [4]Let (X, d) be a complete generalized metric space with d : X ×X −→ Rn and let N : X −→ X be such
that

d(N(x), N(y)) ≤Md(x, y)

for all x, y ∈ X and some square matrix M of nonnegative numbers. If the matrix M is convergent to zero, that is Mk −→ 0
as k −→∞, then N has a unique fixed point x∗ ∈ X

d(Nk(x0), x∗) ≤Mk(I −M)−1d(N(x0), x0)

for every x0 ∈ X and k ≥ 1.

Theorem 6. [5] Let E be a generalized Banach space, C ⊂ E be a nonempty closed convex subset of E and N : C → C be
a continuous operator with relatively compact range. Then N has at least fixed point in C.

4. Existence and uniqueness
Let us introduce the following hypothesis:

(H1) There exist nonnegative numbers a(i), a(i) and b(i), b(i) for each i ∈ Z




∣∣∣F 1(k, xi−h, . . . , xi, yi−h, . . . , yi)− F 1(k, xi−h, . . . , xi, yi−h, .., yi)
∣∣∣ ≤

h∑

j=0

aj(i)|xi−j − xi−j |

+
h∑

j=0

bj(i)|yi−j − yi−j |

∣∣∣F 2(k, xi−h, . . . , xi, yi−h, . . . , yi)− F 2(k, xi−h, . . . , xi, yi−h, . . . , yi)
∣∣∣ ≤

h∑

j=0

aj(i)|xi−j − xi−j |

+
h∑

j=0

bj(i)|yi−j − yi−j |
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where a(i) =
h∑

j=0

aj(i), a(i) =
h∑

j=0

aj(i) and b(i) =
h∑

j=0

bj(i), b(i) =
h∑

j=0

bj(i) for all x, y, x, y ∈ R.

(H2) There exist positive constants α(i), α(i) and β(i), β(i) for each i ∈ Z




∣∣∣G1(k, xi−h, . . . , xi, yi−h, . . . , yi)−G1(k, xi−h, ..xi, yi−h, . . . , yi)
∣∣∣ ≤

h∑

j=0

αj(i)|xi−j − xi−j |

+
h∑

j=0

βj(i)|yi−j − yi−j |

∣∣∣G2(k, xi−h, . . . , xi, yi−h, . . . , yi)−G2(k, xi−h, . . . , xi, yi−h, . . . , yi)
∣∣∣ ≤

h∑

j=0

αj(i)|xi−j − xi−j |

+
h∑

j=0

βj(i)|yi−j − yi−j |

where α(i) =
h∑

j=0

αj(i), α(i) =
h∑

j=0

αj(i) and β(i) =
h∑

j=0

βj(i), β(i) =
h∑

j=0

βj(i) for all x, y, x, y ∈ R.

For our main consideration of Problem (1), a Preov fixed point is used to investigate the existence and uniqueness of solutions
for system stochastic difference equations.

Theorem 7. Assume that (H1)− (H2) are satisfied and the matrix

M =




h∑

j=0

aj(i)a(i) +
h∑

j=0

αj(i)α(i)
h∑

j=0

bj(i)b(i) +
h∑

j=0

βj(i)β(i)

h∑

j=0

aj(i)a(i) +
h∑

j=0

αj(i)α(i)
h∑

j=0

bj(i)b(i) +
h∑

j=0

βj(i)β(i)



,

if M converges to zero. Then the problem (1) has a unique solution.

5. Expectance and compactness
In this section we present the existence result under a nonlinearity F i and Gi, i = 1, 2 satisfying a Nagumo type growth
conditions:

(H)4 There exist a function pl, pl ∈ l1(Z,R+) and nondecreasing function ψi : [0,∞)→ [0,∞) for each l = 1, 2 such taht

E(|F l(k, xi−h, . . . , xi, yi−h, . . . , yi)|)2 ≤
h∑

j=0

pl(j)ψ(E|xi−j |2 + E|yi−j |2)

and

E(|Gl(k, xi−h, . . . , xi, yi−h, . . . , yi)|)2 ≤
h∑

j=0

pl(j)ψ(E|xi−j |2 + E|yi−j |2)

Theorem 8. Let N(0, b+ 1) = {0, 1, . . . , b+ 1}, A be a closed subset of C(N(0, b+ 1), E). If Ω is uniformly bounded and
the set

{y(k) : y ∈ Ω}
is relatively compact for each k ∈ N(0, b+ 1),, then Ω is compact.

Now, we present our result of the section.

Theorem 9. Assume that the condition (H)4 holds. Then the problem (1) has at least one solution. Moreover, the solution
set S(x0, y0) is compact.
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Abstract

In this paper, we study the nonparametric estimator of the conditional mode using the k-Nearest Neighbors
(k-NN) estimation method for a scalar response variable given a random variable taking values in a semi-metric
space. We establish the asymptotic normality for independent functional data, and propose confidence bands
for the conditional mode function. Some simulations for real data application have been driven to show how
our methodology can be implemented.

Key words: Functional data, k-NN estimator, the conditional mode estimation, small balls probability, asymptotic normality.
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1. Introduction
The first result of the asymptotic normality on the kernel estimator comes from Masry (2005), he considers the case of α-
mixing data but he did not give the explicit expression of the dominant asymptotic terms of bias and variance. After Ferraty
et al.(2007) gives the explicit expression of the asymptotic law (that is the dominant terms of bias and variance) In the case
of set of independent data . The results exposed in the papers of Delsol (2007a, 2008b) make the link between these articles,
they generalize the results of Ferraty et al.(2007) in the case of data α-mixing, Attouch and Benchikh (2012) established the
asymptotic normality of robust nonparametric regression function.
For the k-NN conditional mode estimator Attouch and Bouabça (2013) obtained the almost complete convergence with rates
in independent and identically distributed (i.i.d.) functional data case.
Let (Xi, Yi), i = 1, .., n be n copies of random vector identically distributed as (X,Y ) where X is valued in infinite dimen-
sional semimetric vector space (F ,d) and Y’s are valued in IR, In most practical applications, S is a normed space which can
be of infinite dimension (e.g. Hilbert or Banach space) with norm ‖.‖ so that d(x, x′) = ‖x− x′‖.
We will denote the conditional distribution function of Y by:

∀y ∈ IR F x(y) = IP(Y ≤ y|X = x).

Then we will denote by fx (respfx(j)) the conditional density (resp its jth order derivative) of Y .

∗speaker
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The conditional distribution in Ferraty et al.(2006b) is defined as follows:

F̂ x(y) =

n∑

i=1

K(h−1
K d(x,Xi))G(h−1

G (y − Yi))

n∑

i=1

K(h−1
K d(x,Xi))

∀y ∈ IR. (1)

K is a kernel function, G is a distribution function (df) and h = hK := hK,n and hG = hG,n are sequence of positive real
numbers which goes to zero as n goes to infinity.
Under a differentiability assumption of G(.), we can obtain the conditional density estimation function as:

f̂x(y) =

h−1
G

n∑

i=1

K(h−1
K d(x,Xi))G(1)(h−1

G (y − Yi))

n∑

i=1

K(h−1
K d(x,Xi))

(2)

and its jth partial derivative with respect to y as:

f̂x(j)(y) =

h−j−1
G

n∑

i=1

K(h−1
K d(x,Xi))G(j)(h−1

G (y − Yi))

n∑

i=1

K(h−1
K d(x,Xi))

(3)

G(j) is the jth order derivative function of G. We assume that fx(.) has a unique mode, denoted by θ(x) which is defined by

fx(θ(x)) = sup
y∈S

fx(y). (4)

A kernel estimator of the conditional mode θ(x) is defined as the random variable θ̂(x) which maximizes the kernel estimator
f̂x(.) of fx(.)

f̂x(θ̂(x)) = sup
y∈S

f̂x(y). (5)

Let consider quantities

f̂x(y) =
f̂x

N (y, h)

F̂ x
D(h)

. (6)

Where

f̂x
N (y, h) =

1
nhG φ(h)

n∑

i=1

K(h−1
K d(x,Xi))G(1)(h−1

G (y − Yi)), (7)

F̂ x
D(h) =

1
n φ(h)

∑

i=1

K(h−1
K d(x,Xi)), (8)

where φ(.) is a function supposed to be strictly positive and it will be described later.
An analogous estimator to (7) was already given in Ferraty et al.(2006a) in the general setting, remark that (7) and (8) are
unbiased estimators of a1f

x(y)F x
D(h) = a1f

x
N (y, h) and a1F

x
D respectively where a1 and F x

D will be described later.
The k-Nearest Neighbour estimator is a weighted average of response variables in the neighborhood of x, this estimation
method take into account the local structure of the data. The k-NN kernel estimate has a significant advantage over the
classical kernel estimate. The main advantage of the k-NN method is in the nature of the smoothing parameter. Indeed, in the
classical kernel method, the smoothing parameter is the bandwidth hn, which is a real positive number and in k-NN method,
the smoothing parameter kn takes its values in discrete set.
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Now we focuses on the estimation of the jth order derivative of the conditional density f on x by the k nearest neighbors
(k-NN), where f̂x(j)

kNN (y) is defined by:

f̂
x(j)
kNN (y) =

h−j−1
G

n∑

i=1

K(H−1
n,kd(x,Xi))G(j+1)(h−1

G (y − Yi))

n∑

i=1

K(H−1
n,kd(x,Xi))

. (9)

Hn,k(.) is defined by:

Hn,k(x) = min

{
h ∈ IR+/

n∑

i=1

IIB(x,h)(Xi) = k

}
.

Hn,k is a positive random variable (r.v) which depends (X1, ..., Xn).
From now on, when we refer to the bandwidth of the k-NN conditional mode estimation, we mean the number of neighbours
k we are considering.
A natural θ̂kNN (x) is given by:

f̂x(θ̂kNN ) = sup
y∈IR

f̂x
kNN (y). (10)

so that

f̂x
kNN (y) =

f̂x
N (y,Hn,k)

F̂ x
D(Hn,k)

. (11)

Note that this estimate θ̂kNN (x) is not necessarily unique, so the remainder of the paper concerns any value θ̂kNN (x)
satisfying (10).
We consider two types of non-parametric models. The first one is called continuity-type, which means that the density
function f is continuous and the second one, the Hölder-type, which means that the density function f is Hölder continuous
with constant b1 , b2 > 0.
Our main goal is to establish the asymptotic normality of the estimator in (10) when suitably normalized. As a consequence
we get the asymptotic normality of a predictor and propose confidence bands for the conditional mode function with the
k-NN method.

Theorem 1. Assume that (H1) and (H6) hold, then for any x ∈ Υ,we have

(
h3

G k (a1 f
x(2)(θ(x)))2

σ2(x, θ(x))

)1/2 (
θ̂kNN (x)− θ(x)

) D→ N (0, 1) as n→∞. (12)

D→ means the convergence in distribution, Υ = {x : x ∈ S, , fx(θ(x)) 6= 0}

σ2(x, θ(x)) = a2f
x(θ(x))

∫

IR

(
G(2)(t)

)2

dt (with aj = Kj(1)−
∫ 1

0

(Kj(s))′ζ0(s)ds, for, j = 1, 2). (13)
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Abstract

In this paper, we study the existence of mild solutions to stochastic impulsive evolution
equations with time delays, driven by fractional Brownian motion with the Hurst index
H > 1

2 via a new fixed point analysis approach.

Key words: Fractional Brownian motion, fixed point, mild solutions, stochastic functional differential
equation.
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1. Introduction

Stochastic partial functional differential equations with finite delays driven by a fractional Brownian
motion are very important as stochastic models of biological, chemical, physical and economical systems.

In this paper, our main objective is to establish sufficient conditions for the existence of mild solutions
of the following first order stochastic impulsive functional equation with time delays:

dy(t) = [Ay(t) + f(t, yt)]dt+ g(t)dBHQ (t), t ∈ J := [0, T ]; (1)

∗A.Boudaoui
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y(t+k )− y(tk) = Ik(y(tk)), k = 1, . . . ,m (2)

y(t) = φ(t), for a.e. t ∈ [−r, 0], (3)

in a real separable Hilbert space H with inner product (·, ·) and norm ‖·‖, where A : D(A) ⊂ H −→ H, is
the infinitesimal generator of a strongly continuous semigroup of bounded linear operators U(t), 0 ≤ t ≤ T.
BHQ is a fractional Brownian motion on a real and separable Hilbert space K, with Hurst parameter
H ∈ (1/2, 1), and with respect to a complete probability space (Ω,F ,Ft, P ) furnished with a family of
right continuous and increasing σ-algebras {Ft, t ∈ J} satisfying Ft ⊂ F . Also r > 0 is the maximum
delay, and the impulse times tk satisfy 0 = t0 < t1 < t2 < . . . , tm < T . As for yt we mean the segment
solution which is define in the usual way, that is, if y(·, ·) : [−r, T ] × Ω → H, then for any t ≥ 0,
yt(·, ·) : [−r, 0]× Ω→ H is given by

yt(θ, ω) = y(t+ θ, ω), for θ ∈ [−r, 0], ω ∈ Ω.

Before describe the properties fulfilled by the operators f, g and Ik, we need to introduce some notation
and describe some spaces.

Let DH the following Banach space defined by

DH = {φ : [−r, 0]→ H, φ is continuous everywhere except for a finite
number of points t at which φ(t−) and φ(t+) exist and satisfy φ(t−) = φ(t)},

endowed with the L2−norm:

‖φ‖2 =
∫ 0

−r
‖φ(t)‖2dt.

Also we define D0
H as the space of all piecewise continuous processes φ : [−r, 0]×Ω→ H such that φ(θ, ·)

is F0–measurable for each θ ∈ [−r, 0] and
∫ 0

−r
E‖φ(t)‖2dt <∞. In the space D0

H, we consider the norm:

‖φ‖2D0
H

=
∫ 0

−r
E‖φ(t)‖2dt.

Now, for a given T > 0, we define

DTH =
{
y : [−r, T ]× Ω→ H, yk ∈ C(Jk,H) for k = 1, . . .m, y0 ∈ D0

H,
and there exist y(t−k ) and y(t+k )

with y(tk) = y(t−k ), k = 1, · · · ,m, sup
t∈[0,T ]

E(|y(t)|2) <∞ and
∫ 0

−r
E‖φ(t)‖2dt <∞

}
,

endowed with the norm
‖y‖DT

H
= sup
t∈[0,T ]

(E(|y(t)|2))
1
2 + ‖y‖D0

H
,

where yk denotes the restriction of y to Jk = (tk−1, tk], k = 1, 2, · · · ,m, and J0 = [−r, 0].
Then we will consider our initial data φ ∈ D0

H.
Let K be another real separable Hilbert and suppose that BHQ is a K-valued fractional Brownian

motion with increment covariance given by a non-negative trace class operator Q (see next section for
more details), and let us denote by L(K,H) the space of all bounded, continuous and linear operators
from K into H.

Then we assume that f : J × D0
H → H , g : J → L0

Q(K,H) Here, L0
Q(K,H) denotes the space of all

Q-Hilbert-Schmidt operators from K into H, which will be also defined in the next section.
As for the impulse functions we will assume that Ik ∈ C(H,H) (k = 1, . . . ,m), and ∆y|t=tk =

y(t+k )− y(t−k ), y(t+k ) = lim
h→0+

y(tk + h) and y(t−k ) = lim
h→0+

y(tk − h).

The plan of this paper is as follows. In Section 2 we introduce notations, definitions, and preliminary
facts which are useful throughout the paper. In Section 3 we prove existence of mild solutions for problem
(1)–(3). Our approach to prove the existence of mild solutions is based on a fixed point theorem of Burton
and Kirk [5] for the sum of a contraction map and a completely continuous one. Finally, in Section 4, an
example is given to demonstrate the applicability of our results.
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2. Main results

Now we can define the concept of mild solution to our problem.

Definition 1. Given φ ∈ D0
H, an H−valued stochastic process {y(t), t ∈ [−r, T ]} is called a mild solution

of the problem (1)-(3) if y(t) is measurable and Ft-adapted, for each t > 0, y(t) = φ(t) on [−r, 0] and y
satisfies the integral equation

y(t) = U(t)φ(0) +
∫ t

0

U(t− s)f(s, ys)ds+
∫ t

0

U(t− s)g(s)dBHQ (s)

+
∑

0<tk<t

U(t− tk)Ik(y(tk)), t ∈ [0, T ].
(4)

Notice that this concept of solution can be considered as more general than then classical concept of
solution to equation (1)–(3). A continuous solution of (4) is called a mild solution of (1)–(3).

Our main result in this section is based on the following fixed point theorem due to Burton and Kirk
[5].

Theorem 2. Let X be a Banach space, and Φ1,Φ2 : X → X two operators satisfying:

1. Φ1 is a contraction, and

2. Φ2 is completely continuous

Then, either the operator equation y = Φ1(y) + Φ2(y) possesses a solution, or the set Ξ =
{
u ∈ X :

λΦ1(uλ ) + Φ2(u) = u, for some λ ∈ (0, 1)
}

is unbounded.

We are now in a position to state and prove our existence result for the problem (1)-(3). First we
will list the following hypotheses which will be imposed in our main theorem.

• (H1) operator A : D(A) ⊂ H → H is the infinitesimal generator of a strongly continuous semigroup
of bounded linear operators {U(t)}, t ∈ J which is compact for t > 0 in H, and there exists a
constant M such that ‖U(t)‖2 ≤M for all t ∈ [0, T ].

• (H2) There exist constants ck > 0, k = 1, . . . ,m with 8Mm

m∑

k=1

ck < 1 such that

|Ik(y)− Ik(x)|2 ≤ ck|y − x|2, for all y, x ∈ H.

• (H3) For each t ∈ J the functions f(t, ·) : D0
H −→ H is continuous, and for each y ∈ H the function

f(·, y) : J → H is strongly Ft-measurable.

• (H4)The function g : J −→ LQ(K,H) satisfies

∫ T

0

‖g(s)‖2L0
Q
ds <∞.

• (H5) For the initial value φ ∈ D0
H, there exists a continuous nondecreasing function ψ : [0,∞) →

[0,∞) and p ∈ L1(J, IR+) such that E|f(t, y)|2 ≤ p(t)ψ(‖y‖2D0
H

), for a.e. t ∈ J and y ∈ D0
H

with ∫ ∞

TC0

du

ψ(u)
> TC1

∫ T

0

p(t)dt,

where

C0 =

4M

(
E|φ(0)|2 + 2m

m∑

k=1

E|Ik(0)|2 + 2HT 2H−1

∫ T

0

‖g(s)‖2L0
Q
ds

)

(
1− 8Mm

m∑

k=1

ck

) ,

3



C1 =
4MT(

1− 8Mm

m∑

k=1

ck

) .

Theorem 3. Assume that hypotheses (H1), (H2), (H3), (H4) and (H5) hold. Then, problem (1)-(3)
possesses at least one mild solution on [−r, T ].
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Abstract

The aim of this work is to give an application of the translated Whitney numbers on the values of Bernoulli
polynomials. The obtained formulas generalize the known expressions of the Bernoulli numbers .

Key words: Whitney numbers, translated Whitney numbers, Bernoulli polynomials.
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1. Introduction
The r-Whitney numbers of Dowling lattice of the first kind and second kind wm,r (n, k) , Wm,r (n, k) can be defined by their
exponential generating functions to be

∑

n≥k
wm,r (n, k)

tn

n!
=

1
k!

(
ln (1 +mt)

m

)k
(1 +mt)−

r
m , (1)

∑

n≥k
Wm,r (n, k)

tn

n!
=

1
k!

(
exp (mt)− 1

m

)k
exp (rt) . (2)

For more information about these numbers, one can see [2, 3, 4, 5, 6, 7].

Belbachir and Bousbaa [1] introduced a new class of Whitney numbers called a translated Whitney numbers w̃(α) (n, k) ,
W̃(α) (n, k) of first and second kind respectively, when w̃(α) (n, k) , count the number of permutations of n elements with
k cycles such that the element of each cycle can mutate in α ways, except the dominant one and W̃(α) (n, k) , the partitions
of the set {1, 2, 3, ..., n} into k subsets such that each element of each subset can mutate in αways, except the dominant one.
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Recentely, Mangontarum and Dibagulun [8] give some properties of this numbers and give also an application of this numbers
on the Bernoulli polynomials .

This work is devoted to give an other applications of this numbers on the Bernoulli polynomials and the generalized
Bernoulli polynomials.
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Abstract

A partition of V (G), all of whose classes are dominating sets in G, is called a b-domatic partition of G. The
minimal number of classes of a b-domatic partition of G is called the b-domatic number of G. In this paper we
explore the bounds for the b-domatic numbers of the join of two graphs. The bonds are the best possible in the
sense that there exist examples for which equalities are attained. .

Key words: domatic number, b-domatic number, join graph.

1. Introduction

Let G = (V,E) be a finite, simple and undirected graph with vertex-set V and edge-set E. We call |V | the order of G
and denote it by n. For any nonempty subset A ⊂ V , let G[A] denote the subgraph of G induced by A. For any vertex v
of G, the neighborhood of v is the set NG(v) = {u ∈ V (G) | (u, v) ∈ E} and the closed neighborhood of v is the set
NG[v] = NG(v) ∪ {v}. Let ∆(G) (respectively, δ(G) be the maximum (respectively, minimum) degree in G. Through this
paper, the notations Pn, Cn, and Kn always denote a path, a cycle, and a complete graph of order n, respectively. For further
terminology on graphs we refer to the book by Berge [1].

A set S ⊆ V is called a dominating set if every vertex in V�S is adjacent to some vertex in S. The minimum cardinality
of a dominating set is called the domination number and is denoted by γ(G). A dominating set S is indivisible if it cannot
be partitioned into two disjoint dominating sets. By analogy to the concept of chromatic partition, Cockayne and Hedetniemi
[2] introduced the concept of domatic partition of a graph. A partition P in which each of its classes is a dominating sets is
called a domatic partition of G. The domatic number d(G) is defined as the largest number of sets in a domatic partition. The
authors of [2] showed that

d(G) ≤ min{ n

γ(G)
, δ(G) + 1}. (1)

The b-domatic spectrum of a graph G is the set of the cardinalities of all the b-maximal domatic partitions of G.
As defined in [3] , a domatic partition P is b-maximal if no larger domatic partition P ′ can be obtained by gathering

subsets of some classes of P to form a new class. Formally, it can be defined as follows,
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Definition 1. [3]A partition P = {C1, C1, ..., Ck} is b-maximal if there do not exist k subsets C′
1, . . . , C′

k with C′
i ⊂ Ci

(i = 1, . . . , k) such that C′
1 ∪ ... ∪ C′

k 6= ∅ and the partition P ′ = {C1�C′
1, C2�C′

2, ..., Ck�C′
k, C′

1 ∪ ... ∪ C′
k} is domatic

Definition 2. [3]The minimum cardinality of a b-maximal domatic partition of G is called the b-domatic number and is
denoted by bd(G).

The concept of b-domatic number has been recently introduced by Favaron [3] . The same author has observed that if
δ(G) = 0, then {V (G)} is the unique domatic partition and so bd(G) = d(G) = 1. For this, all graphs considered in
this paper are without isolated vertices. Many other properties of domatic and b-domatic partitions were given in [3] . In
particular, it was observed that for any graph G with degree minimum δ(G) ≥ 2,

2 ≤ bd(G) ≤ d(G). (2)

The joint of two graphG1 andG2 is the graphG1⊕G2 defined as the disjoint union of graphG1 andG2 with additional
edges linking each vertex of G1 with each vertex of G2.

Standard notation is applied for the particular types of graphs, too, such as Kn (the complete graph on n vertices), Pn
(the path on n vertices), Cn (the cycle on n vertices), Km,n (the complete bipartite graph), Sn (the star with n leaves).

2. Mains results

It immediate seen that

Proposition 3. For any graph G of order n ≥ 1.

1. bd(G) ≤ n
γ(G) .

2. If H is a spanning subgraph of G, then bd(H) ≤ bd(G).

Theorem 4. For any two graph G1, G2 we have

bd(G1) + bd(G2) ≤ bd(G1 ⊕G2) ≤ min {δ(G1) + |V (G2)| , δ(G2) + |V (G1)|}+ 1.

Proposition 5. Let Pn, Pm two paths and n,m ≥ 2, then bd(Pn ⊕ Pm) = 4.

Proposition 6. Let Cn, Cm two cycle, such that n,m ≥ 4, then

bd(Cn ⊕ Cm) =
{

5 if Cn, Cm are odd.
4 if not.

.

Corollary 7. For m,n ≥ 2, bd(Sn ⊕ Sm) = 4.
The b-domatic spectrum of Sn ⊕ Sm is {4, 2 + min {n,m}}.

Corollary 8. For n,m, p, q ≥ 2, bd(Kp,q ⊕Kn,m) = 4.
The b-domatic spectrum of Kp,q ⊕Kn,m is {4,min {p, q}+ min {n,m}}.

Corollary 9. 1. For m,n ≥ 2, bd(Pn ⊕Km) = 2 +m.

2. For n ≥ 1,m ≥ 2, bd(Sn ⊕Km) = 2 +m.

3. For n ≥ 3,m ≥ 2, bd(Cn ⊕Km) = 2 +m.

4. For m,n ≥ 2, bd(Kn ⊕Km) = m+ n.
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Abstract
The object of this paper is to find all solutions of the diophantine equation x2 + 13k = yn, in positive

integers x, y with n ≥ 3.
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1. Introduction
Diophantine equation is any equation in two or more unknowns, such that only the integer solutions are sought or studied.
The word Diophantine refers to the Hellenistic mathematician of the 3rd century, Diophantus of Alexandria, who made a
study of such equations and was one of the first mathematicians to introduce symbolism into algebra.
The mathematical study of Diophantine problems that Diophantus initiated is now called Diophantine analysis.
In 1637, Pierre de Fermat scribbled on the margin of his copy of Arithmetica: ”It is impossible to separate a cube into two
cubes, or a fourth power into two fourth powers, or in general, any power higher than the second into two like powers. And
then he wrote, intriguingly: ”Cuius rei demonstrationem mirabilem sane detexi hanc marginis exiguitas non caperet” which
means : I have discovered a truly remarkable proof of this theorem which this margin is too small to contain. It was proven
by the British mathematician Andrew Wiles in 1995.
In 1657, Fermat attempted to solve the Diophantine equation 61 ∗ x2 + 1 = y2. The equation was eventually solved by Euler
in the early 18th century, who also solved a number of other Diophantine equations.

Many special cases of the Diophantine equation x2 + qk = yn, where q is a prime and x, y, k and n are positive integers
have been studied in the last few years. When q = 2 and k is odd integer, Cohn has proved that this equation have three
families of solution, when q = 3 and m is an odd integer[11], Arif and Abu Muriefah [1] proved that this equation has one
family of solutions and Luca [5] has shown the existence of exactly one family of solutions when q = 3 and m is an even
integer. Arif and Abu Muriefah has proved that the equation x + q2k+1 = yn when q is odd prime, q ≡ 7mod8 and n is an
odd integer ≥ 5, n is not a multiple of 3 and (n, h) = 1, where h is the class number of the field Q(

√−q) has exactly two
families of solutions [1]. In this paper, we use this results to prove that the Diophantine equation

x2 + 13k = yn (1)

where n ≥ 3, has exactly one family of solutions in positive integers.
∗Speaker
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1.1. Main results

To prove our results, we need the following lemmas [6] ,[7]

Lemma 1. (Nagell) let n be an odd integer ≥ 3, and let A ∈ N, be an odd and square free. If the class number of the field
Q(
√
−A) is not divisible by n, then the Diophantine equation Ax2 + 1 = yn, has no solution in positive integers x and y for

y odd.

Catalan’s conjecture (or Mihailescu’s theorem) is a theorem in number theory that was conjectured by the mathematician
Eugne Charles Catalan in 1844 and proven in 2002 by Preda Mihailescu. 23 and 32 are two powers of natural numbers, whose
values 8 and 9 respectively are consecutive. The theorem states that :

Lemma 2. (Catalan) the Diophantine equation xm − yn = 1 has only one solution in positive integers (x, y,m, n) =
(3, 2, 2, 3).

Lemma 3. The Diophantine equation

3x2 + 1 = 13y (2)

when x, y > 0, has only one solution (x, y) = (2, 1).

Theorem 4. The Diophantine equation

x2 + 132m = yn (3)

when n ≥ 3,m > 0, has no solution in positive integers .

Theorem 5. The Diophantine equation

x2 + 132m+1 = yn (4)

when n ≥ 3 has exactly one family of solution (x, y,m, n) = (70.133k, 17.132k, 3k, 3).
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Abstract

This paper deals with the steady behaviour of an MX/G/1 queue with general retrial time, two types
of customers, loss customers and bernoulli vacation schedule for an unreliable server, which consists of a
breakdown period and delay period. here we assume that customers arrive according to compound poisson
processes. While the server is working with primary customers it may breakdown at any instant and server will
be down for short interval of time. Further concept of the delay time is also introduced. the primary customer
finding the server busy, down are queued in orbit with probability p in accordance with FCFS (first come first
served) retrial policy or leave the system with probability 1−p.after the completion of a service, the server either
goes for a vacation of random length with probability 1− r or may continue to serve for the next customer with
probability r. The rest of the paper is organized as follows: In the next section, we give a description of the
mathematical model. the steady state distribution of the server state is studied in section3 by using the concept
of supplementary variable method and the generating function. in section4, some performance measures of the
system are developed. Some particular cases are given and finally the stochastic decomposition property are
developed.

Key words: Transit and recurrent customers; General retrial times; Breakdown; General delay times; repair times; Batch
arrival; Bernoulli vacation.
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Abstract

We investigate the asymptotic normality of the high risk estimate. The infill increasing setting is considered,
that is when the covariates take values in some abstract function space. Our approach is based on the Doob’s
technique. It is shown that, under the concentration property on small balls of the probability measure of the
functional estimator and some regularity conditions, the kernel estimate of the three parameters (conditional
density, conditional distribution and conditional hazard) are asymptotically normally distributed.

Key words: Asymptotic normality, conditional hazard function, functional data, strong mixing.
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1. Introduction
The conditional hazard rate plays an important role in the statistics. In recent years, the functional estimate has attracted a
lot of attention in the statistical literature. Functional data arise in a variety of fields including econometrics, epidemiology,
environmental science and many others. The kernel type estimation of some characteristics of the conditional cumulative
distribution function and the successive derivatives of the conditional density have been introduced by Ferraty et al. (2006).
Some asymptotic properties have been established with a particular application to the conditional mode and conditional
quantile. The only work about the conditional hazard rate in infinite dimensional space for functional covariates is of Ferraty
et al. (2007), where they introduce a kernel estimator and they prove some asymptotic properties (with rates) in various
situations including censored and/or dependent variables.
In our setting, we study the asymptotic normality of the kernel estimator of the high risk conditional sup ĥx defines in the
model.
Let (ζn, n ∈ Z) be a sequence of random variables defined on some probabilistic space (Ω,A,P) and taking values in
some space (Ω

′
,A′). Let us denote, for −∞ ≤ j ≤ k ≤ +∞, by σkj the σ-algebra generated by the random variables

(ζs, j ≤ s ≤ k). The strong mixing coefficients are defined to be the following quantities:

α(n) = sup
{k∈Z,A∈σk

−∞,B∈σ∞n+k}
|IP(A ∩B)− IP(A)IP(B)| . (1)

The sequence (ζn, n ∈ Z) is said to be α−mixing (or strong mixing), if

lim
n→∞

α(n) = 0.
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2. Model and notations
Consider Zi = (Xi, Yi)i∈N be a F ×R-valued measurable random variables (r.v’s), defined on a probability space (Ω,A,P),
where (F , d) is a semi-metric space. In most practical applications, F is a normed space (e.g. Hilbert or banach space) with
norm ||.|| so that d(x, x′) = ||x− x′||. In the following x will be a fixed point in F , Nx will denote a fixed neighborhood of
x and S will be fixed compact subset of R.
We intend to estimate the conditional hazard function hx using n dependent observations (Xi, Yi)i∈N draw from a random
variables with the same distribution with Z := (X,Y ) where the regular version F x of the conditional distribution function
of Y given X = x exists for any x ∈ Nx. Moreover we suppose that F x has a continuous density fx with respect to (w.r.t)
Lebesgue’s measure over R. we define the function hazard hx, for y ∈ R and F x(y) < 1, by

hx(y) =
fx(y)

1− F x(y)
,

To this aim, we first introduce the kernel type estimator F̂ x of F x defined by

F̂ x(y) =
∑n
i=1K(h−1

K d(x,Xi))H(h−1
H (y − Yi))∑n

i=1K(h−1
K d(x,Xi))

, ∀y ∈ R

where K is the kernel, H is a given distribution function and hK = hK,n (resp. hH = hH,n) is a sequence of positive real
numbers.
We define the kernel estimator f̂x of fx by

f̂x(y) =
h−1
H

∑n
i=1K(h−1

K d(x,Xi))H ′(h−1
H (y − Yi))∑n

i=1K(h−1
K d(x,Xi))

, ∀y ∈ R

Where H ′ is the derivative of H .
We estimate the hazard function ĥx by

ĥx(y) =
f̂x(y)

1− F̂ x(y)
. ∀y ∈ R.

we get easily

ĥx(y)− hx(y) =
1

1− F̂ x(y)

[
f̂x(y)− fx(y)

]
+

hx(y)

1− F̂ x(y)

[
F̂ x(y)− F x(y)

]
. (2)

We try to estimate the point of high risk in S, denoted by θ(x), defined by

hx(θ(x)) = max
y∈S

hx(y). (3)

This model has a great interest in statistics, this is mainly due to its application in various disciplines. Indeed, this is the tool
used in seismic risk analysis (see Quintela-del-Ro (2006)). In our context functional, we assume that there is a single point
θ(x) in S satisfying (3). The estimator natural of θ(x), denoted by θ̂(x), is as:

ĥx(θ̂(x)) = max
y∈S

ĥx(y). (4)

In general, this estimator is not unique. thus, throughout the rest of this article widehat theta(x) mean any random variable
satisfying (4). We keep the assumptions of the previous section to state precisely the rate of convergence of the estimator
θ̂(x), and we assume that hx is 2-times continuously differentiable around y with:

hx
′
(θ(x)) = 0 and hx

′′
(θ(x)) < 0. (5)

214



Conference on Discrete Mathematics and Computer Science, Sidi Bel Abbess, Algeria, November 15-19, 2015

3. Hypothesis
we denote by C1, C2, ... any generic positive constant.
For h > 0, let B(x, h) := {x′ ∈ F/d(x′, x) < h} be the ball of center x and radius h.
To establish the asymptotic normality of the estimator ĥx we need to include the following assumptions:

(H1) P(X ∈ B(x, h)) = φx(h) > 0.

(H2) 0 < supi 6=j P [(Xi, Xj) ∈ B(x, h)×B(x, h)] ≤ C(φx(h))(a+1)/a, with 1 < a < δ.

(H3) Let K be the kernel function with support [0, 1] such that, K(0) > 0 and K(1) > 0.

(H4) H’(.) is bounded,
∫

R
H
′2/r(u)du <∞. For some r such that 1− δ < r < 1,

(H5) ∀(x1, x2) ∈ N2
x , ∀(y1, y2) ∈ S2

|F x1(y1)− F x2(y2)| ≤ C
(
db1(x1, x2) + |y1 − y2|b2

)
, b1 > 0, b2 > 0

and
|fx1(y1)− fx2(y2)| ≤ C

(
db3(x1, x2) + |y1 − y2|b4

)
, b3 > 0, b4 > 0.

(H6) (i) nhHφx(hK)→∞. (ii) nh2k
H φx(hK)3 → 0.

(H7) There exist sequences of positive integers pn and qn increasing to infinity such that pn + qn ≤ n

qn = o((nhkHφx(hK))1/2),
∞∑

k=1

kδα(k)1−r <∞,

snqn = o((nhkHφx(hK))1/2), such that Sn(pn + qn) ≤ n, pn = (nhkHφx(hK))1/2/sn,(
n

hkHφx(hK)

)1/2

α(qn)→ 0 and sn

(
n

hkHφx(hK)

)1/2

α(qn)→ 0.

(H1’) There exists a function βxr (.) such that

∀s ∈ [0, 1], lim
h→0

φx(sh)
φx(h)

= βxr (s).

Our result will be expressed using the following constants:

aj(x) = Kj(1)−
∫ 1

0

(Kj)′(s)βx0 (s)ds for j = 1, 2.

The function βxr (.) is increasing for all fixed r, the limit lim
r→0

βxr (s) = βx0 (s) plays a fundamental role in all asymptotic, in
particular for the variance term.

4. Main results
Theorem 1. Under the conditions of conditions (H1)-(H7), if (5) is holds, we have

θ̂(x)− θ(x) = O
(
h
b1/2
K + h

b2/2
H

)
+O

((
log n̂

n̂hHφx(hK)

) 1
4
)
, p.co.

Theorem 2. under hypotheses (H1)-(H6) and (H1’), we have,
(
nhHφx(hK)

σ2
h(y)

)1/2

(θ̂x(y)− θx(y)) D−→ N (0, 1) as n→∞ (6)

where D−→ denote the convergence in distribution, σ2
h(y) =

a2(x)hx(y)
a2
1(x)(1− F x(y))
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3 Université Badji Mokhtar, Laboratoire de Probabilité et Statistique (LAPS)
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Abstract

In this paper, we study the notion of local time and obtain the Tanaka formula for the G-Brownien motion.
Moreover an intuitive approach to the local time shows its limits in the frame of the classical stochastic analysis
and works out the problems to be studied, as an application, we generalize Itô’s formula with respect to the
G-Brownian motion to convex functions.
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1. Introduction
In this paper, we study the notion of the local time as well as the Tanaka formula for the G−Brownian motion.

Motivated by uncertainty problems in volatility, Peng has introduced a new notion of nonlinear expectation, the so-called
G−expectation , which is associated with the following nonlinear heat equation

{
∂u(t,x)

∂t = G
(

∂2u(t,x)
∂x2

)
, (t, x) ∈ [0,∞)× R,

u (0, x) = ϕ (x) ,

where, for given parameters 0 ≤ σ ≤ σ, the sublinear function G is defined as follows:

G (α) =
1
2
(
σ2α+ − σ2α−

)
, α ∈ R.

The G−expectation represents a special case of general nonlinear expectations Ê, their importance inside the class of
nonlinear expectations stems from the stochastic analysis which it allows to develop.
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Peng also introduced the related G−normal distribution and the G−Brownian motion. The G−Brownian motion is
a stochastic process with stationary and independent increments and its quadratic variation process is, unlike the classical
case of a linear expectation, a non deterministic process. Moreover, an Itô calculus for the G−Brownian motion has been
developed recently.

The fundamental notion of the local time for the classical Brownian motion has been introduced by Lévy, and its existence
was established by Trotter. In virtue of its various applications in stochastic analysis the notion of local time and the related
Tanaka formula have been well studied by several authors, and it has also been extended to other classes of stochastic
processes.

It should be expected that the notion of local time and Tanaka formula will have the same importance in theG−stochastic
analysis on sublinear expectation spaces, which is developed by Peng. However, unlike the study of the local time for
the classical Brownian motion, its investigation with respect to the G−Brownian motion meets several difficulties: firstly,
in contrast to the classical Brownian motion the G−Brownian motion is not defined on a given probability space but on
a sublinear expectation space. The G−expectation Ê can be represented as the upper expectation of a subset of linear
expectations {Ep, P ∈ P} , i.e.,

Ê [.] = supEP [.]
P∈P

,

where P runs a large class of probability measures P . Let us point out that this is a very common situation in financial
models under volatility uncertainty. Secondly, related with the novelty of the theory of G−expectations, there is short of a lot
of tools in the G−stochastic analysis, among them there is, for instance, the dominated convergence theorem. The definition
of the local time for the G−Brownian motion will be given independently of the probability measures P ∈ P , and the limits
of the classical stochastic analysis in the study of this local time will be indicated.

In this paper we introduce the necessary notations and preliminaries and we give a short recall of some elements of the
G−stochastic analysis, we define the notion of the local time for the G−Brownian motion and prove the related Tanaka
formula, which non-trivially generalizes the classical one.

References
[1] Q.Lin, Local time and Tanaka formula for the G−brownian motion, J. arXiv: [math.PR], 2012, .0912.1515v3.
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Abstract

We investigate the process of eigenvalues of a symmetric matrix-valued process which upper diagonal en-
tries are independent one-dimensional Hölder continuous Gaussian processes of order γ ∈ (1/2; 1). Using the
stochastic calculus we show that these eigenvalues do not collide at any time with probability one. When the
matrix process has entries that are fractional Brownian motions with Hurst parameter H ∈ (1/2, 1).

Key words: Eigenvalues, Brownian motions with Hurst parameter, Gaussian processes, Matrix-valued process.
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1. Introduction
In a pioneering work in 1962, the nuclear physicist Freeman Dyson studied the stochastic process of eigenvalues of an
Hermitian matrix Brownian motion. The case of the (real) symmetric matrix Brownian motion was first considered by Mc
Kean in 1969. In both cases the corresponding processes of eigenvalues are called Dyson Brownian motion and are governed
by a noncolliding system of Itô Stochastic Differential Equations (SDEs).

More specifically, for the symmetric case, let {B (t)}t≥0 = {bjk (t)}t≥0 be a d× d symmetric matrix Brownian motion.

That is, (bjj (t))d
j=1, (bjk (t))j<k; is a set of d (d+ 1) /2 independent one-dimensional Brownian motions with parameter

(1 + δjk) t. For each t > 0, B (t) is a Gaussian Orthogonal (GO) random matrix with parameter t. Let λ1 (t) ≥ λ2 (t) ≥
... ≥ λd (t) , t ≥ 0; be the d−dimensional stochastic process of eigenvalues ofB. If the eigenvalues start at different positions
λ1 (0) > λ2 (0) > ... > λd (0), then they never meet at any time and furthermore they form a diffusion process satisfying the
Itô SDE

λi (t) =
√

2W i
t + 2

∑

i6=j

∫ t

0

ds

λi (s)− λj (s)
, 1 ≤ i ≤ d, t ≥ 0 (1.1)
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where W 1
t , ...,W

d
t are independent one-dimensional standard Brownian motions.

In this paper, we study the Dyson process of a symmetric matrix Gaussian process {G (t)}t≥0 which entries in the upper
diagonal part are independent one-dimensional zero mean Gaussian processes with Hölder continuous paths of order

γ ∈ (1\2, 1). In this caseG (t) is still aGO random matrix of parameter t , for each t > 0 ; but {G (t)}t≥0 is not a matrix
process with independent increments nor a matrix diffusion. We prove that the corresponding eigenvalues do not collide at
any time with probability one.

We study in detail the case when the matrix process has entries that are fractional Brownian motions with Hurst parameter
H ∈ (1\2, 1) . For this matrix process we find a stochastic differential equation for the Dyson process, similar to equation
(1.1), where instead of

√
2W i

t we obtain processes Y i
t which are expressed as Skorohod indefinite integrals. This equation is

derived applying a generalized version of the Itô formula in the Skorohod sense for the multidimensional fractional Brownian
motion, which has its own interest. Each process Y i has the same H-self-similarity and 1\H-variation properties as a one-
dimensional fractional Brownian motion, although there is no reason for them to be fractional Brownian motions. In our case
we conjecture that each Y i is not a one-dimensional fractional Brownian motion, but at this moment we are not able to give
a proof of this fact.

In this paper we introduce the necessary notations and preliminaries on Malliavin calculus for the fractional Brownian
motion, we give a generalized version of the Itô formula for the multidimensional fractional Brownian motion and the SDE
of the eigenvalues of a matrix fractional Brownian notion.
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Abstract

This paper discusses multiserver retrial queueing system with C servers. An arriving customer finding a
free server enters into service immediately, otherwise the customer either enters into an orbit to try again after
a random amount of time or leave the system without service. As there are not closed-form solutions to these
systems, approximate methods are required. To the best of our knowledge, all the existing techniques are based
on computing the steady states probabilities. We consider another approach, Value Extrapolation (VE), based
on the relative state values which appear in the Howard equations. Also, we presented some numerical results
with different parameter for VE .

Key words: Retrial systems, Extrapolation, Blocking probability.
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1. Introduction
All known approaches rely on the numerical solution of the steady-state Kolmogorov equations of the continuous time Markov
chain that describes the system under consideration. Very recently, however, an alternative approach for evaluating infinite
state space Markov processes was introduced by Leino et al. [1]. The new technique, value extrapolation (VE), does not
rely on solving the global balance equations but considers the system in its Markov decision process setting. We apply the
VE technique to solve a multiserver retrial system. In our model, users arrive according to a Poisson process with rate λ
contending for access to a system with C servers. User requests require an exponentially distributed service time with rate µ.
When a new request finds all servers occupied, it joins the retrial orbit. After an exponentially distributed time of rate θ, this
user retries. The retrial is successful if it finds a free server. We assume the retrial orbit to be of infinite capacity. This model
can be represented as a bidimensional continuous Markov chain with state space S := {s = (k,m) : k ≤ C;m ∈ Z+},
where k is the number of users being served, and m is the number of users in the retrial orbit. In a Markov decision process
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framework, after performing an action in state s, the system collects a revenue for that action (r(s)). As the number of
transitions increases, the mean revenue collected converges to r, which is the mean revenue rate of the process. We choose
the revenue function so that r yields the performance metric we want to compute. The relative state value (v(s)) tells how
much greater the expected cumulative revenue over an infinite time horizon is when the system starts from the initial state s
in comparison with r.

ν (s)=E [
∫∞

t=0
r (S (t)-r)dt|S (0)=s]

Revenues, relative state values, and transition rates from state s to s’ (qss′ ) are related by the Howard equations :

r (s)-r+
∑

s′qss′ (ν (s’)-ν (s))=0 ∀ s.

The number of states is infinite, as m can take any value in Z+; thus, we need to truncate the state space to ST := {s= (k,m):
k≤ C;m ≤ Q}. Unlike traditional truncation, that sets qss′=0 ∀ s’∈ ST, VE performs a more efficient approximation by
considering the relative state values outside ST that appear in the Howard equations (ν(C, Q+1)) as an extrapolation of some
relative state values inside ST. It is important to choose an extrapolating function that makes the Howard equations remain a
closed system of linear equations. The most common extrapolating functions that accomplish this are polynomials.
To extrapolate νQ+1, we have used an (n-1)th degree polynomial that interpolates the n points in

{(i, νi) | νi = ν(C, i), Q− n ≤ i ≤ Q} .

In general, using the Lagrange basis to reduce the complexity, and after some algebra, we obtain a simple closed-form
expression for the extrapolated value:

ν
(n)
Q+1 =

∑n−1
k=0(−1)kCk+1

n νQ−k

As we are interested in the performance characteristics, the revenue function was selected from the states of each character-
istic. Then we can compute performance characteristics solving the linear system of equations consisting of the |ST| Howard
equations. In this work we calculated performance characteristics for a M/M/C retrial model to analyze the effects of different
parameter on model performance.
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Abstract

On considère un processus stochastique à temps discret (Xn)n∈N à valeurs dans (E, E). Dans l’estimation
de durée de processus dans un état e ∈ E, les modèles de risque ont souvent été étudiés quand #E = 2 tel
que l’état étudié soit transient et l’autre absorbant. Dans ce travail, on généralise le modèle à un processus à
plusieurs états récurrents dont on étudie les durées de visite respectives par un modèle semi-markovien.

Key words: Processus à temps discret,
2010 Mathematics Subject Classification: .

1. Introduction
On considère un processus aléatoire à temps discret (Xn)n∈N à valeurs dans (E, E) avec E = {1, ..., s}.

On noteME l’ensemble des matrices réelles sur E × E etME(N) l’ensemble des matrices définies sur N et à valeurs
dansME . On note IE la matrice identité.

En considérant T0, T1, . . . Tn, . . . les instants successifs de changement d’état vérifiant 0 = T0 < T1 < . . . < Tn < . . .,
on note Un = Tn−Tn−1 le temps de séjour dans l’état après l’instant du (n− 1)ième changement d’état (T1 étant le premier
l’instant du 1ier changement d’état). On considère que (XTn

)n∈N est une chaı̂ne de Markov. En considérant que les Un et
Un+1 sont indépendants sachant XTn

, le couple (XTn
, Un)n∈N caractérise la dynamique semi-markovienne du processus

(Xn)n∈N.
L’évolution du système dans le temps est décrite par:

Definition 1. Une suite de matrices q = (qij(k)) ∈ ME(N) est appelée noyau semi-Markovien à temps discret si elle
satisfait les trois propriétés suivantes:

1. 0 ≤ qij(k), i, j ∈ E, t ∈ N,

2. qij(0) = 0, i, j ∈ E,
3.
∑∞

k=0

∑
j∈E qij(k) = 1, i ∈ E.

Si (X,T ) est une chaı̂ne de renouvellement Markovien (homogène), on peut voir facilement que (XTn
)n∈N est une

chaı̂ne de Markov homogène. On note P = (pij)i,j∈E ∈ ME la matrice de transition de (XTn
)n∈N. Elle est définie par

pij := P(XTn+1 = j/XTn = i), i, j ∈ E,n ∈ N. Notons aussi que, pour tout i, j ∈ E, pij peut être exprimé dans le noyau
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semi-Markovien par pij =
∑∞

t=0 qij(k). On introduit le noyau semi-Markovien cumulé Q = (Q(k); t ∈ N) ∈ ME défini
pour tout i, j ∈ E et k ∈ N par:

Qij(k) := P(XTn+1 = j, Un+1 ≤ k/XTn
= i)

Pour étudier les modèles de durées, on introduit les distributions de temps de séjour dans un état donné et les distributions
conditionnelles en fonction de l’état suivant à visiter. Dans ce cas, pour tout i, j ∈ E,

1. la distribution conditionnelle discrète s’écrit :

fij(k) = P(Un+1 = k/XTn = i,XTn+1 = j), t ∈ N. (1)

2. la fonction de répartition conditionnelle associée s’écrit :

Fij(k) = P(Un+1 ≤ k/XTn = i,XTn+1 = j) =
k∑

l=0

fij(l)), t ∈ N. (2)

évidemment, pour tout i, j ∈ E et pour tout k ∈ N, on a

fij(k) =

{
qij(k)

pij
si pij ≥ 0

0 sinon

Pour étudier les modèles de durées sans tenir compte de l’état suivant à visiter, on introduit aussi les distributions de
temps de séjour dans un état donné

Notons hi la distribution du temps de séjour dans l’état i :

1. hi(k) := P(Un+1 = k/XTn
= i) =

∑
j∈E qij(k), t ∈ N.

2. Hi(k) := P(Un+1 ≤ k/XTn = i) =
∑k

j∈E hi(l), k ∈ N.

Ainsi la fonction de survie s’écrit Si(k) = 1−Hi(k) = P(T > k).
Le modèle semi-markovien constitue une généralisation du modèle markovien exploitant ainsi la mémoire du processus

entre deux changements d’état par la loi de la durée dans le cas continu. Pour le cas markovien, la durée est exprimée par la
loi exponentielle qui est une loi sans mémoire.

Dès que la fonction de survie est caractérisée, on peut déterminer la mesure du processus, la fonction de risque (avec ses
différentes approches), etc. Le modèle est exploitable principalement en médecine, en fiabilité des systèmes, en finances et
en démographie.

2. Résultats
Dans ce travail, on exploite les propriétés spectrales de la matrice de transition pour estimer la vitesse de convergence vers la
stationnarité au cas où le processus est asymptotiquement ergodique. Une étude de la périodicité du processus semi-markovien
est également présentée.
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